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Pairwise Difference Representations of Moments:
Gini and Generalized Lagrange Identities

Jean-Marie Dufour’, Abderrahim Taamoutif, Meilin Tong *#

Abstract

We provide pairwise-difference (Gini-type) representations of higher-order central moments
for both general random variables and empirical moments. Such representations
do not require a measure of location. For third and fourth moments, this yields pairwise
difference representations of skewness and kurtosis coefficients. We show that all central
moments possess such representations, so no reference to the mean is needed for moments
of any order. This is done by considering i.i.d. replications of the random variables considered,
by observing that central moments can be interpreted as covariances between a random
variable and powers of the same variable, and by giving recursions which link the pairwise-
difference representation of any moment to lower order ones. Numerical summation identities
are deduced. Through a similar approach, we give analogues of the Lagrange and Binet-Cauchy
identities for general random variables, along with a simple derivation of the classic Cauchy-
Schwarz inequality for covariances. Finally, an application to unbiased estimation of centered
moments is discussed.

Résumé

Nous proposons des représentations par différences par paires (de type Gini) des moments
centraux d’ordre supérieur, tant pour les variables aléatoires générales que pour les moments
empiriques. Ces représentations ne nécessitent pas de mesure de localisation. Pour les
moments d’ordre trois et quatre, cela donne lieu a des représentations par différences par
paires des coefficients d’asymétrie et de kurtosis. Nous montrons que tous les moments
centraux possedent de telles représentations, de sorte qu’aucune référence a la moyenne n’est
nécessaire pour les moments de n‘importe quel ordre. Pour ce faire, nous considérons des
réplications i.i.d. des variables aléatoires étudiées, nous observons que les moments centraux
peuvent étre interprétés comme des covariances entre une variable aléatoire et des puissances
de cette méme variable, et nous donnons des récursions qui relient la représentation par
différences par paires de n‘importe quel moment a celles d’ordre inférieur. Des identités de
sommation numériques sont déduites. Grace a une approche similaire, nous donnons des
analogues des identités de Lagrange et de Binet-Cauchy pour des variables aléatoires générales,
ainsi qu’une dérivation simple de I'inégalité classique de Cauchy-Schwarz pour les covariances.
Enfin, une application a I'estimation non biaisée des moments centrés est abordée.
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ABSTRACT

We provide pairwise-difference (Gini-type) representations of higher-order central mo-
ments for both general random variables and empirical moments. Such representations
do not require a measure of location. For third and fourth moments, this yields pairwise-
difference representations of skewness and kurtosis coefficients. We show that all central
moments possess such representations, so no reference to the mean is needed for moments
of any order. This is done by considering i.i.d. replications of the random variables con-
sidered, by observing that central moments can be interpreted as covariances between a
random variable and powers of the same variable, and by giving recursions which link the
pairwise-difference representation of any moment to lower order ones. Numerical summa-
tion identities are deduced. Through a similar approach, we give analogues of the Lagrange
and Binet-Cauchy identities for general random variables, along with a simple derivation of
the classic Cauchy-Schwarz inequality for covariances. Finally, an application to unbiased

estimation of centered moments is discussed.

Key words: Gini; Covariance; Skewness; Kurtosis; Pairwise differences; Lagrange iden-

tity; Moments; Unbiased estimation.



1. Introduction

The sample variance is certainly the most widely used measure of dispersion among obser-
vations in statistics. It is typically defined as the average of the squared deviations of the

observations xp, ..., x, from their sample mean:

(x; — %) (1.1)
1

1 n
sx(n) =

n—14*
l

n
where ¥ = Y x;/n. At first sight, the variance depends crucially on “centering” the obser-
i=1
vations with respect to their mean. A century ago, however, Gini (1912) noticed that sg((n)

can be rewritten as the average of pairwise differences between all the observations:

s)zf(n):%ﬁii(xi—xj)zzﬁift(xi—xj)z; (1.2)

i=1j=1 i=1j>i

see Heffernan (1988). The Gini representation underscores that s% (1) does not depend on
using the sample mean as location parameter, and thus may be viewed as a measure of
“intrinsic variability” between observations. In particular, it provides a way of measuring
dispersion when there is no natural location parameter, as with categorical data; see Light
and Margolin (1971, 1974). Further, by focusing on pairwise differences x; — x;, it may
be easier to determine which observations have the greatest influence on s% (n), because
deviations from the mean x; — X depend on all the observations (through x). A comprehen-

sive review of statistical methods based on the Gini approach is presented by Yitzhaki and

Schechtman (2013).



If we have bivariate observations z; := (x;,y;)’, i = 1,..., n, the sample covariance

N

(1.3)

SXY
l:

is in turn the most widely used “measure of association” between x and y. For the covari-

ance, a pairwise representation is provided by the formula

sxy (n) —yj);  (14)

HLL

l 1]>z

see Hayes (2011). Clearly, (1.2) is a special case of (1.4) obtained by taking x; = y;, i =
1,...,n. Formula (1.4) shows that the sample covariance measures the tendency of x and y
to move in the same direction, without reference to sample means. Similar expressions for
the variances and covariances of general random variables have also been used in the litera-
ture on U -statistics; see Lee (1990, Chapter 1). Since centering is not needed, formula (1.4)
provides a basis for developing alternative measures of dependence, such as Kendall’s and
Spearman’s measures of dependence [see Lehmann (1966)]. Again, pairwise differences
x; —xj and y; — y; may be easier to interpret than x; — X and y; — y, because x and y depend
on all the observations.

Another similar result we consider here is the Lagrange identity:

~~
=
)
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N
1=
<
=~

N
I
—_
I
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) (L) = L ya?

1<i<j<n

Y Y (detlzi, z)])%; (1.5)

i=1j=
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I
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(xiyj —xjyi)? =

—_

see Wright (1992) and Steele (2004, Chapter 3). An interesting feature of this identity is

that it involves pairwise comparisons between cross-products of the components of x :=



(x1,...,%x,) and y := (y1,..., yn)’. Since the right-hand side is non-negative, the Lagrange

identity provides a simple way of proving the discrete Cauchy-Schwarz inequality:

(gxiyi)z < <ix12) (gyzz) : (1.6)

i=1

Interestingly, (1.5) directly shows when the bound is an equality (x;y; = x;y; for all i and
J) and what determines its tightness. The Lagrange identity is itself a special case of the

Binet-Cauchy identity

(iam) (i"lbjdj> — <i‘iaid,-> (i‘ibjcj> = Z (aibj—a;jb;)(cidj—cjd;) (1.7)
i Jj= i= j=

- - 1<i<j<n

where a;, b;, ci,d;, i =1,..., n, are arbitrary real constants [see Steele (2004, p. 49)]. For-
mula (1.7) relates several inner products to pairwise comparisons between the components
of the vectors considered.

Since the representations in (1.2) and (1.4) only depend on differences between obser-
vations, we will call such representations (and similar ones) D-representations (or Gini-
type representations). In this paper, we provide D-representations of higher-order central
moments for both general random variables and empirical moments. For third and fourth
moments, this yields new representations of skewness and kurtosis coefficients, where ref-
erence to a location parameter is eliminated. We show that all central moments possess
D-representations, so again no reference to the mean is needed for moments of any order.
This is done by considering i.i.d. replications (or realizations) of the random variables
considered, by observing that central moments can be interpreted as covariances between
a random variable and powers of the same variable (a nonlinear relation), and by giving

recursions which link the D-representation of any moment to lower order ones. Numerical



summation identities similar to (1.2)-(1.4) are also deduced. Finally, through a similar
approach, we give the analogues of the Lagrange and Binet-Cauchy identities for general
random variables, along with a simple derivation of the classic Cauchy-Schwarz inequality
for covariances.

The paper is organized as follows. In Section 2, we discuss D-representations for co-
variances and regression coefficients, and we show how corresponding numerical identities
can be derived from these. In Section 3, we provide D-representations for third and fourth
moments, along with corresponding expressions for skewness and kurtosis coefficients. In
Section 4, we show that all moments possess such representations, and we give recursive
formulae for computing a D-representation for any moment. Generalized Lagrange and
Binet-Cauchy identities are given in Section 5. In Section 6, we discuss some applications
of the proposed moment representations. We conclude in Section 7. Proofs are given in an

online Appendix.

2. D-representation of Covariances

In order to generalize the expressions (1.2) - (1.4) to higher-order moments, it will be useful
to discuss the pairwise difference representation of the covariance between general random
variables. Let X and Y be random variables with finite second moments, and means [y =
E{X}, uy = E{Y}. We denote by C[X, Y] := E{(X — uy)(Y — uy)} the covariance between
X and Y. Consider two independent and identically distributed replications of the random

vector (X, Y)": (X1,Y1)" and (Xz, Y>)'. On observing

(X —X) (Y1 — 1)} = E{XiV}+E{Gh)—E{XiYh) —E{X))



= HxXin}+EHXNn-EHXHY, - EH{XEN )

= 2(E{XY}-E{X}E{Y})=2C[X,Y], (2.1)
it follows that
Clx, Y] = %[E{(Xl ~X) (Y1 —1)}. (2.2)
It is also easy to see that
Clx, Y] = EXi(1 —1)} =-E{X(11 - 1)}
= HX -X)n} =-HX -X)r}. (2.3)

In other words, only one of the variables in (X,Y)’ need be replicated to avoid centering
with respect to the means (U y and Uy ). (2.1)-(2.3) also hold under the weaker assumption
(without identical distributions) that (X;, Y;)" and (X3, ¥2)" have the same first and second

moments as (X, Y) with
E{Xi¥2} = E{XoY1 } = E{X}E{Y}. 2.4)
For X| =Y; and X; =Y,, we obtain the following formulae for the variance of X :

ox = Var(X):%[E{(Xl—Xz)Z}

= EHXi(X1—X2)}=-EXx (X1 —X2)}. (2.5)
If X3 is a third replication of X [so that X, X;, X3 are i.i.d.], it is also easy to check that

ok =E{(X1 —X3)(X| - X2)} . (2.6)



The uncentered second moment of X can be written as

E(X*) = SE((— X2} + 8}

= E{Xi (X1 —X2)} + px = —E{Xa(Xi — X2)} + ux 2.7)

and the linear regression coefficient of Y on X is

oxy HX -X)"-1)}

or  H-X)%
EHXi—X)h}  HXY-n)}
EH{(Xi—X)Xi}  E{Xi(Xi—Xa)}

By x

(2.8)

In view of the above discussion on the covariance and the variance, we will define more

formally what we mean by the D-representation of a parameter.

Definition 2.1 A parameter y has a D-representation for the variables X1, ..., X, if there
is a function g(x1,...,xy) = h(xp —x1,..., Xy — Xy—1) such that

y=E{hXo—X1,...,X0n —X,u1)}. (2.9)

In other words, ¥ has a D-representation for the variables X1, ..., X, if it can be written

as the expected value of a function g(X1, ..., X,,) which depends on X1, ..., X, only through

the differences between the variables X1, ..., X,,. Equivalently, this means that

y=EgX1,....,Xu)} (2.10)



where g(x1,..., x,) is invariant to uniform location changes, i.e.
glxi+c,...,x,+c)=g(xy,...,x,) forany c. (2.11)

A potentially useful feature of the representation (2.2) follows from the fact that the
variables (X; — X3) and (¥; — Y») have marginal distributions symmetric around zero. Con-
sequently, the odd moments of (X; — X) and (Y} —Y>) are all zero (when they exist). More
generally, the distribution of the vector (X; — X3, Y] —Y»)' is jointly symmetric around zero
in the sense that

Xi =X, V1= 1) ~— (X1 — X2, V1 — Ya)". (2.12)

This type of symmetry can be useful for proving unbiasedness results in various setups;
see Dufour (1984, 1985). This property is shared by all D-representations when the paired
differences are based on i.i.d. observations.

It is of interest to note that the numerical identity (1.4) can be derived from the general

moment formula (2.2). Let (/,J) be a pair of random integers such that

.. | ..
P = (i)} = ()% d =1, m, (2.13)
and consider the random vector

(X5, Y7) = (x1,y1).- (2.14)



The values xy,..., x, and y,..., y, need not be distinct. It is then easy to see that:

HM:

1 oo 1 n
E{X*}Z;;;xizf, [E{Y*}——2 Z =7, (2.15)
i=1j= j=1

. 1 n n
E{X*Y*} = ;Z Y xiyj, (2.16)
i=1j=1

and by the definition of the covariance,
1 n n
oxyr = E{X*Y*} — E{X*}E{Y*} = 5 Y ) x5 (2.17)
i=1 j=1

Consider now two i.i.d. replications of (X*,Y*): (X{,Y;) and (X3, Y;). By applying

(2.2) and (2.16) to (X*,Y™), the covariance between X* and Y* is given by:

[\)I»—A
Nl’_‘

Ox*y* = _[E{(Xl )(Yl -

ii<xi_xj)()’i_yj)- (2.18)

Since the above sum contains a zero whenever i = j, it is natural to divide by (n> — n) rather

than n2. This leads to:

n
n—1

SX*y* = ( )Gx*y* =

In the special case where X* = Y™, we have

0% = —[E{(Xl X5)?} = 53 Z i(xi—xj)z (2.20)



hence, on setting sﬁ* = (—I)GX*, the Gini formula (1.2) for the variance is:

l_l)f)n: xi—xj)% = sy (n). (2.21)

I
—_
~.
I
—_

3. Skewness and Kurtosis

In this section, we express skewness and kurtosis coefficients in terms of pairwise differ-
ences. Such representations can be written as functions of differences of the form X; — X;
or differences between powers of variables [Xi2 —X]Z]. We first underscore that the third and
fourth central moments of a random variable X can be interpreted as covariances, which in
turn can be represented in terms of pairwise differences between replicated random vari-

ables. In each case, we give several expressions which may have independent interest.

Proposition 3.1 COVARIANCE REPRESENTATION OF THIRD AND FOURTH CENTRAL
MOMENTS.  Let X be a random variable with finite mean |y and variance 6)2(. Let

X1, Xo two 1.1.d. replications of X. If X has finite third moment, then

E{X i)'} = CIX, (X~ py)?) = CIX, X7~ 21 0%
= E{(X1 —X2)(Xi — uy)*} = E{(Xi — X2)X{} —2uy 0%
= JE( X)X~ )~ (K]}

1
= SEHX = X) (X7 = X3)} - uxE{(Xi = X2)*} 3.1
If X has finite fourth moment, then

E{(X —py)*} = CX, (X —py)’] = C[X, X°] = 3ux C[X, X*] 4+ 3uj 0%



= E{(X—X2) (X1 — py)’} = E{(X1 — Xo) (X{ —2ux X))}
= JE - X))~ (%o )]}

1
= SHX = X) (X7 = X5)} = 3ux E{ (X — y)*} = 3pux0% - B.2)

To interpret Proposition 3.1, consider first the case where the mean is zero (Uy = 0),
so the third moment does not depend on the mean or the variance. When the distribution is
skewed to the right [E{(X — 1ty )*} > 0}, equation (3.1) shows that an increase in the value
of X (X7 — X > 0) is associated with an increase in the absolute value of X [Xl2 —X22 > 0],
while a shift to the left would go with a decrease in the absolute value of X. More generally,

E{(X — uy)?} can be written as

E{(X —ux)’} = %[E{[(Xl —Iy) = (X2 Ol —px)* = o -y )’} (33)

so that E{(X — 115 )?} measures the association between a change in the deviation from the
mean and the corresponding change in the absolute values of the deviations. A positive
(negative) association entails positive (negative) skewness, which is clearly exhibited by
pairwise differences.

The formulae given by Proposition 3.1 depend on unknown parameters (iy and Gg().
It is possible to avoid this by using a larger number of replications. For the third moment,
only one additional replication of X is needed. If X, X5, X3 are three i.i.d. replications of

X, we see [from (3.1)] that

E{X )’} = SE(0—X0) (6 ~3)} ~ EG (X1 — X))

= %E{(Xl —Xo)[(X? —X3) — 2X3(X; — X5)]} . (3.4)

10



For the fourth moment, this can be done with four replications. If X, X>, X3, X4 are four

i.i.d. replications of X, we have:

E{(X 1)} =5E (06— X)X}~ X3)) ~ SERG (X1 — Xo) (6]~ 3}
FIERGEKE((X) — %))
= %E{(Xl —X0)(X] —X3) = 3X3(X; — Xo) (X} — X3) 4+ 3X3Xa(X1 — X2)*}. (3.5)
(3.4) - (3.5) still do not provide D-representations, because X3 and X4 are in levels. This

is done in the following propositions by using additional replicates of X. A number of

alternative expressions are provided in the following proposition.

Proposition 3.2 D-REPRESENTATION OF THIRD CENTRAL MOMENT. Let X be a ran-
dom variable with mean [y, variance G)Z(, and finite third moment. If X1, Xo, X3 are three

i.i.d. replications of X, then

E{(X —py)’} = E{X X)X —X)*} = %E{(Xl —X0)[(X1 = X3)* — (X2 — X3)°]}
= S XX X)) + (%~ X))} = (E(DPDID)
= JE( X006 - XO)(x% - X)) (3.6)

_ 3
where X0 = 'lej/3 and
]:

D .= Y (Xi—X)=3X-X%), i=1,2,3. (3.7)
J#i

As the variables Dl@ are sums of pairwise differences, (3.6) provides simple D-

representations of the third central moment of X. Note also that E{(X — tt,)>} can be

11



rewritten as a function of deviations with respect to a “reference” value X3:

E{X -1} = E{(X1—X3) — (% — X} — X2 — (%~ X))}

= %[E{[(Xl —X3) — (X2 = X3)P[(X1 = X3) + (X, - X3)]} . (3.8)

‘We now consider the fourth central moment.

Proposition 3.3 D-REPRESENTATION OF FOURTH CENTRAL MOMENT. Let X be a
random variable with mean [y, variance G%, and finite fourth moment. If X1, X, X3, X4

four i.i.d. replications of X, then

E{X )"} = 3E(00 - X)) 30k = JE(( - X)) = (K — X))
= [E{%(Xl—X2)4—§(X1—X2)2(X3—X4)2}. (3.9)

The last two identities in (3.9) provide simple D-representations of the fourth central
moment of X. We now apply the above results to skewness, kurtosis and excess kurtosis

coefficients:

Sk(X) := [E{(X;—;XP}, Kur(X) := [E{(X;—;X)é‘}, EKur(X) = Kur(X) —3. (3.10)

Kur(X) is also called the “Pearson kurtosis” coefficient, while the excess kurtosis EKur(X)

is the “Fisher kurtosis”.

Proposition 3.4 D-REPRESENTATION OF SKEWNESS AND KURTOSIS. Let X be a ran-

dom variable with mean |y and variance 6)2(, and X1, Xo, X3, Xy four i.i.d. replications of

12



X. If X has finite third moment, then

sk — HE=X)OE=X)} uy B0 X)X - %))

20';’( Ox Gi
_ VBHM X)X %)) V2 B}
(E{(X1 —X2)2})"? 3 (E{(X1—X2)2})"
where Dl@) is defined by (3.7). If X has finite fourth moment, then
_2E{(X1 —X2)*}
Kur(X) = (X=X 2 3. (3.12)
If X; and X, are i.i.d. normal, it is easy to see that
AT 4

(E{(X1—X2)?})? 4oy

so that EKur(X) = 0.

4. Higher-order Moments

In this section, we study how higher-order central moments can be represented in terms of
pairwise differences between i.i.d. realizations of a random variable. Consider a random
variable X with mean [ty and finite moments up to order n > 1. We denote the k-th central

moment of X by

pe=EH(X—py)}, k=1,..,n. (4.1)

13



Suppose that Xy, X1, ..., X, are 1.1.d. replications of X, and define

k
Pk::H(XO_Xl>’ Xl::Xl_;u’X7 i:17...,n. (42)

i=1

Since E{X;} = u; =0, fori =0, ..., n, the independence of Xy, ..., X, entails:
k ~ ~ ~
E{P} =E{J]Xo—X)} =E{X§} =pr, k=1,...,n. (4.3)
i=1

In other words, Py can be viewed as an unbiased estimator of y,, for k =1,...,n . This
immediately shows that all the central moments of X have a D-representation for moments
up to order n, provided X has moments up to order n.

The function P, requires n+ 1 replications of X to represent the n-th central moment of
X. However, for n =2, 3, 4, we have given representations which only require n replications
(see Section 3). We will now show this is indeed feasible for n > 5. We first state some

useful recursions.

Proposition 4.1 RECURSIONS FOR HIGHER-ORDER MOMENTS. Let X be a random

variable with mean |y, and finite central moments [ ; for j=1,...,n+1, where n > 1.

Then

Moy = CIX, (X —uy)"| = H{X(X —uy)"} — uxnt, - (4.4)

If X1, Xo, X3 are i.i.d. replications of X, then

Hopr = EG—X)(X1 —puy)"}
n—1

= EH{0-X3)(X—X2)" = Y (=1)/Clutt, (4.5)
=2

14



where C = n!/[j\(n — j)!| and, for n+ 1 even,
1 | n—1 o
Mo =5 [H{ X0 =X2)" = ) (=1)/Cyy gt ] (4.6)
=2

When the summations in (4.5) - (4.6) are empty (for n = 1 and n = 2), the corresponding

formulae yield [as expected from (2.6) and (3.6)]:
1
o =X —X3)(X1 —X2) } = SE{(X) —X2)%},  py=E{(X1—X3) (X —X2)*}. (4.7)

Now, let X1,..., X, be 1.1i.d. replications of X with n > 5, and consider the following

sequence of functions:

_ _ 1
ir=0, Ay(x1, %)= (0 —x), (4.8)
i3 (x1, %2, x3) = (x1 —x3) (x1 —x2)%, (4.9)
_ 1 3
fy(x1, X2, X3, X4) = E(xl —x)* - Z(xl —x2)%(x3 —x4)?, (4.10)
and for k > 4,
) k—1 o
Prpr1 (X150 X)) = (1 —x3) (x1 —x2) —Z(—l)chiﬁj(Xl,---axj)l:lk+1—j(xj+1»---,Xk+1)-
j=2
(4.11)
If K+ 1 is even (with £ > 1), we can also consider the functions
. 1 ket
#k+1(xl;---,xk+1) = 5[(x1—x2)
k—1 o
=Y (0GR x ) By j (s X)) - (412)
j=2
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From the above definitions, it is clear that the functions fi,(xy,..., xx) and fi;(x,..., X¢)
depend on their arguments only through differences x; —x; (i,j = 1,..., k). Note also that

fL ; can be replaced by [i ; in the summations of (4.11) - (4.12) whenever j is even.

Proposition 4.2 RECURSIVE D-REPRESENTATIONS FOR HIGHER-ORDER MOMENTS.
Let X be a random variable with mean WLy, and finite moments up to order n+ 1, where
n>1, and let fiy(xy,...,x¢) and fi,(x1,..., xx) be defined by (4.8)- (4.12), for k > 1. If

X1,..., Xns1 are i.i.d. replications of X, then

E{fp (X1, X)) = Mgy, fork=1,....n, (4.13)
and, if k+1 is even,

E{fip (X1, Xi1) ) = Mgy, for1 <k <n. (4.14)

The above proposition shows that the k-th central moment of X has a D-representation

which only requires k& replications of X (provided p, is finite).

5. Generalized Lagrange Identities

In this section, we give some generalizations of the Lagrange identity. We first give a

moment-based Lagrange-type identity using independent random vectors.

Proposition 5.1 GENERALIZED LAGRANGE IDENTITY. Let (X1,Y)) and (X»,Y>)" be

16



two independent random vectors with finite second moments. Then

(EXPVEZ} + ERGVE(D)) ~ E(XMIEn) = SE((h—Xn)?) . 6D

| =

In Proposition 5.1, (X1, Y;)" and (X;,Y>)" need not be identically distributed. Since the

right-hand side of (5.1) is nonnegative, it follows that
1
EX Y EGY} < S (EXTHE(Y; )+ E{XGHE(Y])) (5.2)

and, on replacing each variable X; , X» , ¥ , Y by its deviation from the mean (X; — E{X; },
etc.),

1
Clx1, 1IC[X, 1] < (0%, 0%, +0%,0%,). (5.3)

The latter inequality holds even if the random variables X , X5 , Y7 , ¥ have different means
and variances. When (X1, Y;)" and (X3, Y>)' have the same covariance matrix (though pos-

sibly different means), (5.2) yields the usual Cauchy-Schwarz inequality for covariances:
C[X1, 1)* < o%,0%, - (5.4)

Interestingly, (5.1) provides a remarkably simple way of proving the Cauchy-Schwarz in-
equality for covariances.
The distance E{(X;Y> — X>¥;)?} can be viewed as a measure of non-proportionality

between Y and X : if Y] = b1Xj and Y = b, X5, then

E{(X1Y, — Xo¥)?} = E{(b2X1 X2 — b1 X2X1)?} = (by — b1 )*E{ (X1 X2)*} (5.5)
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with E{(X1Y> — X»¥1)?} = 0 when b = by. When E{(X;X,)?} # 0, the condition b; = b
is necessary and sufficient for E{(X;Y> — X2¥;)?} = 0. The identity (5.5) holds even if X
and X, do not have the same distribution.

When additional homogeneity restrictions are imposed, we get simpler identities which

are spelled out in the following corollary.

Corollary 5.2 COVARIANCE GENERALIZED LAGRANGE IDENTITY. Let (X1,Y;)" and
(X2, Y2)" be two independent random vectors with finite second moments, X; := X; — E{X;}

and Y; :=Y; —E{Y;}, i = 1,2. Then
%(oﬁl o1, +0%,07,) — ClX1, 11]C[Xo, Vo] = %[E{(lefz —X0)%). (5.6)
IfG%1 = 03(2 and 0'12/1 = 0'12/2, then
0%,07, — C[X1, 1]CXp, Vo] = %[E{(le’z —X7)*}. (5.7)
If the two random vectors (X1,Y1) and (X,,Y,)" have the same covariance matrix, then

1 OO
G‘%(IG% —C[Xl,Yl]ZIE[E{(Xle—XzYl)z}. (58)

The identity (5.8) holds a fortiori when (X1,Y;) and (X»,Y») are ii.d. (with finite
second moments). When (X1,Y;)" and (X»,Y>)" have the same covariance matrix, the cor-

relation p(Xp, Y1) between X; and Y; satisfies:

p(X1, Y1) =p(X2, 1o)> =1— (5.9)
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Thus, if (X;,Y;)" and (X»,Y»)" are ii.d. replications of the random vector (X,Y)’,
p (X1, ¥1)? measures how close two independent replications of (X,Y)’ are according to
the distance E{(X; V> — X271)?}.

The following proposition extends in a similar way the Binet-Cauchy identity (1.7).

Proposition 5.3 GENERALIZED BINET-CAUCHY IDENTITY.
Let Z; .= (A,',Bi, G, Di)/ and Zi =7 — [E{Zi} = (Aiagi; él', Di)/, i=1,2, be independent

random vectors with finite fourth moments. Then

[E{(Ale —AzBl)(ClDz — CzD])} = I]'Z{Alcl }E{BzDz} -+ E{AzCz}lE{B]Dl}

— [E{A\D1}E{ByC>} + E{A>D,}E{BC1}]. (5.10)
If (A1,B1,Cy, D) and (A, B2, Cy, D2)' have the same covariance matrix, then
1 ~ = e m o~ S

The above proposition yields restrictions on the covariances of a four-dimensional ran-
dom vector. From (5.11), we see that AjB, —A;B; = 0 (a.s.) or C1D; — CoD; =0 (a.s.)
entails

C[A1, C1]C[B1, D1] = C[A1, D1]C[B1, C1]. (5.12)

On taking A; = C; and B; = D; fori = 1,2, we get the Lagrange identity:

1
04,05 — (C[A1, Bi])? = SE{(AiB, —AyB1)%}. (5.13)
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6. Applications

The D-representations given above show that the central moments of a real random variable
X can all be represented as expected values of polynomial functions in differences between

a small number of replications of X. For k > 2, the k-th central moment of X only requires

k replications X1,..., X;. More precisely, we can write:
Wy = E{(X —uy)"} = E{m(X,,..., X)}, fork>2, (6.1)
where
1
ha (X1, X2) = E(Xl —X,)%, (6.2)
1
B3 (X1, X, X3) = 2 (X1 = X2)?[(X) = X5) + (X2 — X)), (63)
1 4 3 2 2
ha (X1, Xo, X3, Xa) = 5 (X1 = X0)" = 2 (X1 = X2)"(X3 = X4)", (6.4)

Tt (Xt Xiern) = (X1 = X3) (X1 — X2)

k—1 ,
=Y (=0ClhiXy, . X - j (X Xe1), k>4 (6.5)
j=2
In other words, (X, ..., X;) is an unbiased estimator of 1, based on k observations.
If n observations X, ..., X, are available, any (fixed or randomly selected) subset of k
observations from {Xj,..., X,} yields an unbiased estimator of p, and similarly for the

arithmetic (or a weighted) average of such subsets. In particular, the arithmetic average of
hi(Xi,, ..., X;,) over N randomly selected {iy,..., it} of {1,..., n} is an unbiased estimator

of u,. A fortiori, this will also hold if the average is taken over all subsets of k observations
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from {Xi,..., X, }, but the large number of such subsets can easily make this approach
computationally prohibitive. We will call such estimators based on observation differences
D-estimators.

It is of interest to compare D-estimators of t; with the “natural” estimators based on

deviations from the sample mean:

g (n) = zn:(xi X5 X=-YX. (6.6)

For k = 2, iy (n) is unbiased, but it is not generally unbiased for k > 3. To see how big the
bias difference can be, we take n = k and compare by simulation f1, (k) with the correspond-
ing D-estimator with /. (X1, ..., Xi); see Table 1. We use the Exponential distribution as an
example because its central moments are nonzero at all orders, which helps us assess es-
timator bias without interference from sign-canceling or offsetting effects that occur when
the true moment is zero. We see from these results that 7z, (k) is heavily biased, while the

corresponding D-estimators exhibit no bias as predicted by the results presented above.

Table 1. Simulation Comparison of Bias for Exponential(2) when n=k

Central Moment Ord.2 Ord.3 Ord.4 Ord.5 Ord.6 Ord.7 Ord.S8
Number of Observations 2 3 4 5 6 7 8
True Value 0.25 0.25 0.56 1.38 4.00 14.48 57.94
Natural Estimator (k) 0.000 -0.167 -0.258 -0.768 -2.171 -8.321 -33.739
D-estimators [, (k) 0.000 0.000 0.000 0.003 0.0949 0.131 0.053

* Number of Simulation = 20000000

Of course, if n > k, more efficient unbiased estimators can be obtained by averaging sev-
eral minimal estimators. This can be easily implemented through computer programming
by selecting the index tuples (iy,..., i) independently and identically distributed (i.i.d.)

from a uniform distribution over the index set /. Due to its stochastic nature, we refer to this
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estimator as a Monte Carlo approximation of the D-estimator, f,(n)M€. Table 2 presents
simulation results comparing the bias of the “natural” estimators 7 (n) with the proposed
D-estimator Monte Carlo approximation for central moments of orders k = 2,...,8 un-
der an Exponential(2) distribution. For each replication, we generate 30,000 Monte Carlo

samples.

Table 2. Simulation Comparison of Bias for Exponential(2) when n>k (# of Simulation = 1000)
Central Moment Ord.2 Ord.3 Ordd4 Ord5 Ord.6 Ord.7 Ord.8
True Value 0.25 0.25 0.56 1.38 4.00 14.48 57.94

n=50 Natural Estimator /7 (n)  -0.004 -0.018 -0.059 -0.240 -0.921 -5.203 -27.483
D-Estimator MC {2, (n)YC -0.004 -0.009 -0.035 -0.162 -0.592 -4.048 -22.484

n=100 Natural Estimator /7, (n) -0.001 -0.008 -0.020 -0.084 -0.295 -2.621 -16.574
D-Estimator MC {,(n)”¢ -0.001 -0.003 -0.005 -0.035 -0.133 -1.991 -13.020

* Number of Simulation = 1000

The simulation results demonstrate that the proposed D-estimator Monte Carlo approx-
imation substantially reduces bias across all orders of the central moment compared to
the natural estimator. This improvement is particularly notable for higher-order moments
where the naive estimator exhibits larger negative bias. Moreover, increasing the sample
size from 50 to 100 decreases the bias for both estimators, but the D-estimator approach
consistently outperforms the natural estimator at each sample size. These findings highlight
the effectiveness of the Monte Carlo approximation in providing more accurate and unbi-
ased estimates of central moments, especially for higher-order moments that are typically
more challenging to estimate.

From (3.6), one can see that several choices of minimal estimator /3 are possible (and
similarly for higher-order moments), which may have different efficiency properties. The
above results can also be used to build unbiased estimators of cumulants as well as to

analyze which observations deviate from the rest of the sample. The latter application
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can be based on analyzing the population of subgroups of observations (X;,,..., X;, ) along
with the corresponding unbiased estimates /i (X;,,..., X;, ). Discussing in detail variants of

D-estimators, as well as other applications, goes beyond the scope of this paper.

7. Conclusion

In this paper, following an approach (apparently) initiated by Gini (1912) for the variance,
we have studied the general problem of representing the central moments of a random
variable in terms of pairwise differences between i.i.d. replications, without reference to
a location parameter. We first gave pairwise-difference representations (defined formally
as D-representations) for the third and fourth central moments of a general random
variable. These yield intuitive interpretations of the familiar skewness and kurtosis
coefficients. For general moments, we have observed that central moments can be
interpreted as covariances between a random variable and powers of the same variable
(a nonlinear relation). These then provide recursions which link the D-representation
of any moment to lower order ones, hence D-representations for all central moments
(as long as they are finite). Through a similar approach, analogues of Lagrange and
Binet-Cauchy identities were established for general random variables. These provide a
simple derivation of the classic Cauchy-Schwarz inequality for covariances. Finally, it is of
interest to note that the formulas given in this paper can be interpreted as applications of the

“coupling” method [see Thorisson (2000)], which opens the way to additional applications.
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A. Appendix: Proofs

PROOF OF PROPOSITION 3.1 The third central moment can be written as follows:

E{(X —py)’} = E{(X—py)(X —px)*} = CIX, (X — piy)’]

= CIX, (X —2uxX +u3)] = CX, (X>—2u, X)) (AD)
Using (2.2) and (2.5), we can write:

CX, (X i) = S E{(—X0)[(X1 1~ (o — )]}
= %[E{(Xl —Xo)[(XP — 21y X1) — (X5 —21x X))}
= JE( - X0) (X XD) — 2y (X~ Xa)])
= JE( - X0) (0 ~X3)) — g EL (X~ X))

1
= SE{(X - Xo) (X} —X3)} —2ux0% (A2)
(3.1) follows on combining (A.1) and (A.2). To show (3.2), we proceed similarly. We have:

E{(X —py)*} = E{(X—py)(X —py)’} = CIX, (X — )]
= C[X, (X =3X2uy +3X g — uy)]

= CX, (X =3X°ux +3Xu3)] (A.3)
hence, by (2.2),

ClX, (X —py)’] = %[E{(Xl —X0)[(X1 — iy )’ — (X2 — px)*]}



1
= SE{(0 —X2)[(X7 = 3XF px +3X1 0% — ) — (X5 = 3X3 e + 3%k — )]}

= JE( - X0)[(X] — X3) ~ 31 (OF ~ X3) + 30 (X1 — X))

= SE0 X)X X))~ Dy (X~ X0) (O X)) + SpRE(( X))

= JEG - X0) 0 X)) — 3y [E{X —11)* )+ g EL (1~ X0)2)]

3
+§N§E{(X1 —X>)%}

= JE( - X)X —X3)} — 3y E((X — )’} — SHFE{ (X — X))

1
= SHX = X) (X7 = X5)} = 3y E{ (X — p1y)*} = 3px 0% (A4)

(3.2) follows on combining (A.3) and (A.4). ]

PROOF OF PROPOSITION 3.2

Since X1, X, X3 are i.i.d. replications of X, we have:

E{(X1 —X2)[(X1 —X3)* — (X2 — X3)*]} = E{ (X0 — X2) [(X} — X3) — 2X3(X1 — X2)]}

= E{(X| - Xo) (X2 — X3)} — 2E{X: }E{(X; — X,)?}

= E{(X1 —X2)(X] —X3)} —2ux E{ (X1 — X2)*} (A.5)

and, using (3.1),

E{(X —py)’} =

SE(— X)X~ X3)} — iy E{ (i — X))
SEL - X)X~ X5~ (o~ X5)7]}
%{[E{(Xl —X) (X~ X3) — 2X3(X, — X2)*]}

%[E{(Xl = X2)?[(X1 +X2) - 2X3]}

A-2



— —[E{(X1 X)* (X1 — X3) + (X, — X3)]} (A.6)

Now, set X; = X; — Ly, i = 1,2, 3, so that E{X;} = 0 for all i. Using the mutual independence

of Xi, X», X3, we can then write:

E{(Xi —X3) (X1 - X2)’} = E{(Xi—X3)(Xi - X2)*} = E{ (X — X3) (X} —2X, %o + X3) }

= X} =E{(X —uy)’}. (A7)

This establishes the first three identities of (3.6). Further,

ZD,,_Z —-Xj)=2%-YX;, i=1,23, (A.8)
=1 Val J#i

where E{X;X;X;} = O unless i = j = k, hence

[E{D } E{(2X1 - X —X3) (2%, — X1 — X3) (2% — X1 — %)}

= 2[5{)213} +2E{X5} +2E{X5} = 6E{(X — uy)’}. (A.9)

The last identity of (3.6) follows on observing that

I><
><

X 3X ZX ;x X;) = ;Dl@. (A.10)
jl

PROOF OF PROPOSITION 3.3  SetX;, =X, — Uy,i=1,...,4, and consider the binomial



expansion:

4 L
X1 —X)* = (Xl—X2)4:Z(—1)JCin X3
j=0
= (X} +X) 4K K+ X, X5) +6X2X7 . (A.11)

Taking the expected value on both sides of the above equation, we get:

E{( X)) = 2E{(X — )"}~ 4(ECR)ER) + ELRIELRD)) + 6E{R)E(R3)
= DE{(X— )"} +60% = 2E((X — )"} + 3 (E{(X1 — X2)2))?

= OF{(X — uy)*) + %[E{(X1 — X2 }E{(X; — Xa)?}

= 2E{(X —uyx)*} + %H(xl —X2)* (X3 — Xa)*} (A.12)
hence
E((X -~} = SE{(6 X)) 30}
= SE( X)) - (%))
= JE( X)) - SE( - X%~ X))
= %[E{(Xl —X)* - %(Xl —X)?(X3—X4)*} (A.13)
This completes the proof of (3.9). U

PROOF OF PROPOSITION 3.4  If X has finite third moment, we get from Propositions



3.1 and 3.2:

E{(X —uy)’} (E{(Xi—X2)(X}—X3)}/2) —2uy0%

Sk(X) = G% = Gg’(
CHX -X3) (X - X)) E{(0 —X3) (X1 —Xp)*}
N Ox B (0%)%?
_ EH&Xi-X3)(X1 —X0)*} _ VBE{(Xi —X3)(X; —X2)*}
(E{(X1 —X2)?}/2)3/2 (E{ (X1 — X2)2})3/2

v Eon000) 2 el o)

— == . A.14
6 (E{(X1—X2)?})%2 3 (E{(X; —X2)*})*? A9
If X has finite fourth moment, we get from Propositions 3.1 and 3.3:
ETERY
Ox
_ HX-X) —60oy  EH{(Xi—Xp)*}
20% 20%
2(H{(X1 —X2)*}/2)? (E{(X) —X2)*})?
O]
PROOF OF PROPOSITION 4.1 By definition, for n > 1,
Hopr = B{X—puy)(X —py)"} = CIX, (X —ux)"]
= E{X(X—pux)"}—uxn, (A.16)

which yields (4.4). Let X, X5, X3 be i.i.d. replications of X. Then, the above identity



entails:

Pop1 = E{Xi(X—py)"} = E{XGE{(X) — uy)"}
= E{Xi(Xi —uy)"} —E{Xo (X1 —ux)"}

= E{X1—X2) (X1 —uy)"}. (A.17)

Setting X j:=Xj— Uy, j=1,2, 3, and using the binomial theorem, we can write:

n

(X —Xp)" = Z CiX! I

n . f o~ ]~
= Y (-1)/C)XX =X+ (—1)'X5 + Z 1)/CIX] XY (A18)
j=0

and, multiplying the above equation by (X; — X3),

(X1 —X3)(X1 —X2)" = (X1 — X3) (X1 — Xp)"
= (%) - X)[KI (1)K + (K- %) Y (-1 XIS (A.19)
=1

Taking the expected value on both sides of (A.19) and using the fact that E{X3} = 0 and
E{X[} = E{X}} = u;. we get:

E{(X) = X3) (X1 = X2)"} = [E{X?“}#f(—l)fq E(XYE(R])

n—1

o1 2, (1 Gl (A.20)
j=1



hence, noting that t; =0,

n—1
Moo =EH{X —X3) (X1 = X0)"} = Y (1) G, (A.21)
=

This establishes (4.5). When n is even, we can take the expected value on both sides of

(A.18):

n—1 . .
{1 —X)"} = E{X{+(-1)"X3}+ ;(—1)jCﬁE{X7_]}[E{X2]}

n—1 n—2
— 2+ Y (DG, =2+ Y (—1VC i, (A22)
j=1 j=2
hence
1 ; n—2 o
=5 [HOG =)= ) () Gttt ] (A.23)
j:
which yields (4.6). ]

PROOF OF PROPOSITION 4.2  To show (4.13), we first observe that the result holds for
k=1, 2, 3 [by (2.5) and Propositions 3.2 - 3.4]. We can then proceed by mathematical

induction. Suppose that (4.13) holds for values of k such that 1 <k <n, i.e.

E{fi (X1,..., X))} =y, for 1 <k <n. (A.24)

For k > 4 , we replace (x1,...,x¢1) by (X1,..., X;1) in (4.11) and we take the expected



value:

E{f (X1, Xip1)} = [E{(Xl X3) (X1 — X2)*}

—Z fC’[E{u] Xtseoos Xj) By j(Xj1y - X1}

= [E{(Xl X3) (X1 — Xp)*}

—Z DICIER (X1, X)) Y E gy (Xt Xegr) }
k-1 .
= E{(Xi—X3)(Xi —X2)"} = Y (1) Clu by (A.25)
j=2

where the last identity follows from the independence of (Xi,..., X;) and (Xj11,..., Xk+1).
By (4.5), this implies
E{fyy1 (X1, X))} = Mg - (A.26)

This establishes (4.13). If K+ 1 is even, we get from (4.12) and (4.6):

ii 1
E{fl (Xt X)) = Q[E{(Xl—Xz)kH}
k—1
— ( 1)JC]i+1[E{naj(Xla-..7Xj)ﬂk+1_j(Xj+1,...,Xk+1)}:|
j=2

k—1
5[[5{( — X))} - ;(—1 Gl BB (X X E By (X, X))

=1
= S [E{( =X = Y ()G g1 ] = B - (A.27)
=

l\.)l'—k

This completes the proof of (4.14). [



PROOF OF PROPOSITION 5.1  To get (5.1), we develop E{(X;Y> — X,Y;)?} and use the

independence assumptions:

E{(X1Y, —Xo¥|)?} = E{X?Y}+X377 —2X,XoY Y5}
= E{X?Y} +E{X3V7} —2E{X;V 1 X,),}

= E{XT}E{Y} + E{XGHE(Y} —2E{X1 V1 }E{XxY2} . (A28)

PROOF OF COROLLARY 5.2  (5.6) follows on replacing X; and ¥; by the corresponding
centered variables X; and ¥; in Proposition 5.1. (5.7) and (5.8) are obtained as special cases

of (5.6). ]

PROOF OF PROPOSITION 5.3 To get (5.1), we develop E{(ABy —A2B))(C1D; —

C,D;)} and use the independence assumptions:

[E{(Ale —AzBl)(ClDz — C2D1)} = [E{AlBQCIDQ} + [E{AZBICZDI}
—[E{AIBZCQDI} — [E{AzBICIDz}
= [E{AICI}[E{BzDQ} + [E{BlDl}[E{A2C2}

—E{A1D| }E{B,C,} — E{BC, }E{A2D;} . (A.29)

Suppose now that (A, By, C, D1) and (A, By, C>, D>) have the same covariance matrix.



On replacing Z; by Z; in the above identity, we can then write:

E{(A1B; —A2B,)(C1Dy —CoDy)} = 2E{AC, }E{B D} — 2E{AD{}E{B,C;}
=2C[A1,C1]C[31,D1]—ZC[AI,Dl]C[Bl,Cl] (A.30)

from which (5.11) follows. [
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