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The Bootstrap of the Mean
for Dependent Heterogeneous Arrays*

Sílvia Gonçalves†, Halbert White‡

Résumé / Abstract

Actuellement, les conditions assurant la validité des méthodes de bootstrap
pour la moyenne d'échantillon des (possiblement hétérogènes) fonctions de
dépendance d'époque proche (DEP) des processus de mixage sont inconnues.
Ainsi, un des objectifs principaux de cet article est d'établir la validité du
bootstrap dans ce contexte, en élargissant l'applicabilité des méthodes de bootstrap
à une classe de processus largement adéquats pour les applications en économie et
en finance. Les résultats se rapportent au bootstrap de blocs mouvants de Künsch
(1989) et Liu et Singh (1992), de même qu'au bootstrap stationnaire de Politis et
Romano (1994). Plus particulièrement, nous démontrons que la consistance de
l'estimateur de variance du bootstrap pour la moyenne d'échantillon résiste à
l'hétéroscédasticité et à la dépendance de forme inconnue. La validité
asymptotique de premier ordre de l'approximation du bootstrap à la distribution
actuelle de la moyenne d'échantillon est également démontrée dans ce contexte
DEP hétérogène.

Presently, conditions ensuring the validity of bootstrap methods for the
sample mean of (possibly heterogeneous) near epoch dependent (NED) functions
of mixing processes are unknown. A main purpose of this paper is thus to
establish the validity of the bootstrap in this context, extending the applicability of
bootstrap methods to a class of processes broadly relevant for applications in
economics and finance. The results apply to the moving blocks bootstrap of
Künsch (1989) and Liu and Singh (1992) as well as to the stationary bootstrap of
Politis and Romano (1994). In particular, the consistency of the bootstrap
variance estimator for the sample mean is shown to be robust against
heteroskedasticity and dependence of unknown form. The first order asymptotic
validity of the bootstrap approximation to the actual distribution of the sample
mean is also established in this heterogeneous NED context.
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41 Lqwurgxfwlrq

Wkh errwvwuds sursrvhg e| Hiurq +4<:<, surylghv dq dwwudfwlyh phwkrg iru jhqhudwlqj vwdwlvwlfv

xvhixo iru lqihuhqfh dqg wkh frqvwuxfwlrq ri frq�ghqfh lqwhuydov1 Lw dprxqwv wr wuhdwlqj wkh hp0

slulfdo glvwulexwlrq ri wkh gdwd dv li lw zhuh wkh srsxodwlrq glvwulexwlrq zkhq hydoxdwlqj d vwdwlvwlf

ri lqwhuhvw1 Jlyhq lwv vwudljkwiruzdug dssolfdelolw|/ hyhq lq vlwxdwlrqv zkhuh vwdqgdug phwkrgv

duh lqwudfwdeoh/ errwvwuds phwkrgv kdyh ehfrph lqfuhdvlqjo| srsxodu dprqj dssolhg hfrqrph0

wulfldqv1 Xqghu plog uhjxodulw| frqglwlrqv/ wkh errwvwuds dssur{lpdwlrq wr wkh glvwulexwlrq ri d

vwdwlvwlf fdq eh vkrzq wr eh dw ohdvw dv dffxudwh dv wkh dv|pswrwlf qrupdo dssur{lpdwlrq1 Pruh0

ryhu/ zkhq dv|pswrwlfdoo| slyrwdo vwdwlvwlfv duh wkh edvlv iru lqihuhqfh ru frq�ghqfh lqwhuydov/

errwvwuds phwkrgv fdq gholyhu uhvxowv pruh dffxudwh wkdq vwdqgdug dv|pswrwlfv1

Errwvwuds phwkrgv kdyh ehhq prvw lqwhqvlyho| vwxglhg iru wkh fdvh ri lqghshqghqw lghqwlfdoo|

glvwulexwhg +l1l1g1, revhuydwlrqv +h1j1/ Elfnho dqg Iuhhgpdq +4<;4,/ Vlqjk +4<;4,,1 Krzhyhu/ wkh

idloxuh ri wkh l1l1g1 uhvdpsolqj vfkhph wr jlyh d frqvlvwhqw dssur{lpdwlrq wr wkh wuxh glvwulexwlrq

ri d vwdwlvwlf zkhq revhuydwlrqv duh qrw lqghshqghqw +h1j1 dv uhpdunhg lq Vlqjk +4<;4,, kdv

prwlydwhg vhyhudo dwwhpswv lq wkh olwhudwxuh wr prgli| dqg h{whqg Hiurq*v lghd wr ghshqghqw

gdwd1 Prvw ri wkh h{whqvlrqv vr idu dsso| rqo| wr wkh vwdwlrqdu| fdvh1 Errwvwuds phwkrgv

dssursuldwh iru vwdwlrqdu| pl{lqj surfhvvhv kdyh ehhq sursrvhg dqg vwxglhg e| N qvfk +4<;<,

dqg Olx dqg Vlqjk +4<<5, +wkh �prylqj eorfnv� errwvwuds, dqg e| Srolwlv dqg Urpdqr +4<<7,

+wkh �vwdwlrqdu| errwvwuds�,/ dprqj rwkhuv1 Dv lw wxuqv rxw/ wkh prylqj eorfnv errwvwuds lv

urexvw wr khwhurvnhgdvwlflw|1 Odklul +4<<5, jlyhv frqglwlrqv hqvxulqj wkh vhfrqg rughu fruuhfwqhvv

ri N qvfk*v errwvwuds iru wkh qrupdol}hg vdpsoh phdq ri revhuydwlrqv wkdw duh qrw qhfhvvdulo|

vwdwlrqdu|1 Pruh uhfhqwo|/ Ilw}hqehujhu +4<<:, kdv vkrzq wkdw wkh prylqj eorfnv phwkrg fdq eh

ydolgo| dssolhg wr khwhurjhqhrxv pl{lqj surfhvvhv lq wkh frqwh{w ri olqhdu uhjuhvvlrqv dqg txdqwloh

uhjuhvvlrqv1 Vlploduo|/ Srolwlv hw do1 +4<<:, kdyh vkrzq wkh ydolglw| ri fhuwdlq vxevdpsolqj phwkrgv

iru khwhurjhqhrxv pl{lqj surfhvvhv1

Iru dssolfdwlrqv lq hfrqrplfv/ pl{lqj lv wrr vwurqj d ghshqghqfh frqglwlrq wr eh eurdgo|
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dssolfdeoh1 Dqguhzv +4<;7, jlyhv dq h{dpsoh ri d vlpsoh DU+4, surfhvv wkdw idlov wr eh vwurqj

pl{lqj1 Wkh qhhg wr dffrpprgdwh vxfk wlph vhulhv prwlydwhv wkh xvh ri ixqfwlrqv ri pl{lqj

surfhvvhv/ wkh vr0fdoohg surfhvvhv qhdu hsrfk ghshqghqw +QHG, rq dq xqghuo|lqj pl{lqj surfhvv

+Eloolqjvoh|/ 4<9;> PfOhlvk/ 4<:8> Jdoodqw dqg Zklwh/ 4<;;,1 QHG surfhvvhv doorz iru frqvlghu0

deoh khwhurjhqhlw| dv zhoo dv ghshqghqfh dqg lqfoxgh wkh pl{lqj surfhvvhv dv d vshfldo fdvh1 Dq

lpsruwdqw h{dpsoh ri wkh xvhixoqhvv ri qhdu hsrfk ghshqghqfh lq hfrqrplfv frqfhuqv wkh vwdq0

gdug DUFK +Hqjoh/ 4<;5, dqg JDUFK +Eroohuvohy/ 4<;9, surfhvvhv zlgho| xvhg lq hfrqrplfv

dqg �qdqfh/ iru zklfk wkh pl{lqj surshuwlhv duh fxuuhqwo| nqrzq rqo| xqghu fhuwdlq uhvwulfwlyh

dvvxpswlrqv +Fduudvfr dqg Fkhq/ 4<<<,1 Dv Kdqvhq +4<<4d, dqg Vlq dqg Zklwh +4<<9, kdyh

vkrzq/ DUFK dqg JDUFK surfhvvhv duh qhyhuwkhohvv/ surfhvvhv QHG rq dq xqghuo|lqj pl{lqj

surfhvv/ xqghu plog uhjxodulw| frqglwlrqv1 Wkh QHG frqfhsw wkxv pdnhv srvvleoh d frqyhqlhqw

wkhru| ri lqihuhqfh iru wkhvh prghov wkdw zrxog rwkhuzlvh eh xqdydlodeoh1

Suhvhqwo|/ frqglwlrqv hqvxulqj wkh ydolglw| ri errwvwuds phwkrgv iru wkh vdpsoh phdq ri

+srvvleo| khwhurjhqhrxv, QHG ixqfwlrqv ri pl{lqj surfhvvhv duh xqnqrzq1 D pdlq sxusrvh

ri wklv sdshu lv wkxv wr hvwdeolvk wkh ydolglw| ri wkh errwvwuds lq wklv frqwh{w/ h{whqglqj wkh

dssolfdelolw| ri errwvwuds phwkrgv wr d fodvv ri surfhvvhv eurdgo| uhohydqw iru dssolfdwlrqv lq

hfrqrplfv dqg �qdqfh1 Dv lv xvxdo lq wkh errwvwuds olwhudwxuh/ hvwdeolvklqj wkh ydolglw| ri wkh

errwvwuds iru wkh vdpsoh phdq lv dq lpsruwdqw vwhs wrzdugv hvwdeolvklqj lwv ydolglw| iru pruh

frpsolfdwhg vwdwlvwlfv1 Lq Jrqêdoyhv dqg Zklwh +5333, zh exlog rq wkh uhvxowv jlyhq khuh wr suryh

wkh ydolglw| ri wkh errwvwuds iru jhqhudo h{wuhpxp hvwlpdwruv vxfk dv txdvl0pd{lpxp olnholkrrg

dqg jhqhudol}hg phwkrg ri prphqwv hvwlpdwruv1

Rxu uhvxowv dsso| wr wkh vwdwlrqdu| errwvwuds +VE, ri Srolwlv dqg Urpdqr +4<<7,/ zklfk kdv

qrw |hw ehhq vwxglhg lq d khwhurjhqhrxv frqwh{w/ dqg wr wkh prylqj eorfnv errwvwuds +PEE,

vfkhph ri N qvfk +4<;<, dqg Olx dqg Vlqjk +4<<5,/ zklfk kdv qrw ehhq vwxglhg zlwk wkh ghjuhh

ri ghshqghqfh frqvlghuhg khuh1 Lq sduwlfxodu/ wkh frqvlvwhqf| ri wkh errwvwuds yduldqfh hvwlpdwru

iru wkh vdpsoh phdq lv vkrzq wr eh urexvw djdlqvw khwhurvnhgdvwlflw| dqg ghshqghqfh ri xqnqrzq

irup1 Zh dovr hvwdeolvk wkh �uvw rughu dv|pswrwlf ydolglw| ri wkh errwvwuds dssur{lpdwlrq wr wkh
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dfwxdo glvwulexwlrq ri wkh vdpsoh phdq lq wklv khwhurjhqhrxv/ qhdu hsrfk ghshqghqw frqwh{w1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Wkh pdlq wkhruhwlfdo uhvxowv iru wkh xqlyduldwh phdq

duh jlyhq lq Vhfwlrq 51 Vhfwlrq 6 h{whqgv wkhvh uhvxowv wr wkh pxowlyduldwh phdq dqg wr vprrwk

ixqfwlrqv ri phdqv1 Vhfwlrq 7 suhvhqwv d vlpxodwlrq vwxg| wr h{dplqh wkh �qlwh vdpsoh surshuwlhv

ri wkh phwkrgv/ dqg Vhfwlrq 8 frqfoxghv1

51 Pdlq Uhvxowv

Vxssrvh i[?|> q> w @ 4> 5> ===j lv d grxeoh duud| ri qrw qhfhvvdulo| vwdwlrqdu| +khwhurjhqhrxv, udq0

grp yduldeohv gh�qhg rq d jlyhq suredelolw| vsdfh +>I > S , = E| dvvxplqj wkdw i[?|j lv qhdu

hsrfk ghshqghqw rq d pl{lqj surfhvv/ zh shuplw d frqvlghudeoh ghjuhh ri ghshqghqfh dqg khw0

hurjhqhlw| dqg lqfoxgh pl{lqj surfhvvhv dv d vshfldo fdvh1 Zh gh�qh i[?|j wr eh QHG rq

d pl{lqj surfhvv iY|j surylghg H
�
[2

?|

�
? 4 dqg y& � vxs?c|

���[?| �H|n&
|3& +[?|,

���
2
whqgv wr

}hur dw dq dssursuldwh udwh1 Khuh dqg lq zkdw iroorzv/ n[?|nR � +H m[?|mR,�*R ghqrwhv wkh OR

qrup dqg H|n&
|3& +�, � H

�
�mI |n&

|3&

�
> zkhuh I |n&

|3& � � +Y|3&> = = = > Y|n&, lv wkh �0�hog jhqhudwhg e|

Y|3&> = = = > Y|n&1 Lq sduwlfxodu/ li y& @ R
�
n3@3B

�
iru vrph � A 3 zh vd| i[?|j lv QHG ri vl}h �d=

Wkh vhtxhqfh iY|j lv dvvxphg wr eh vwurqj pl{lqj dowkrxjk dqdorjrxv uhvxowv frxog eh ghulyhg

xqghu wkh dvvxpswlrq ri xqlirup pl{lqj1 Zh gh�qh wkh vwurqj ru �0pl{lqj frh!flhqwv dv xvxdo/

l1h1 �& � vxs6 vxst�M56
3"c�M5"

6n&�
mS +D _E,� S +D,S +E,m > dqg zh uhtxluh �& $ 3 dv n $ 4

dw dq dssursuldwh udwh1

Ohw �?| � H +[?|, iru w @ 4> 5> = = = > q> q @ 4> 5> = = = dqg ohw ��? � q3�
S?

|'� �?| eh wkh dyhudjh

srsxodwlrq phdq1 Zh uhjdug ��? dv wkh sdudphwhu ri lqwhuhvw wr eh hvwlpdwhg e| wkh vdpsoh phdq

�[? � q3�
S?

|'�[?|1 Uhodwhg vwxglhv vxfk dv Ilw}hqehujhu +4<<:, dqg Srolwlv hw do1 +4<<:, kdyh

dvvxphg d frpprq phdq/ �?| @ �1 Li i[?|j lv dvvxphg wr kdyh d frpprq phdq �> wkhq ��?

lv mxvw �= Dowkrxjk zh grq*w lpsrvh wklv uhvwulfwlrq/ zh vkdoo �qg lw frqyhqlhqw wr dvvxph wkdw

wkh srsxodwlrq phdqv �?| vdwlvi| d fhuwdlq krprjhqhlw| frqglwlrq lq rughu wr hvwdeolvk rxu pdlq

frqvlvwhqf| uhvxow1

Rxu jrdo lv wr frqgxfw lqihuhqfh rq ��? edvhg rq d uhdol}dwlrq ri i[?|j= Dowhuqdwlyho|/ zh
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pd| eh lqwhuhvwhg lq frqvwuxfwlqj d frq�ghqfh lqwhuydo iru ��? ru lq frpsxwlqj dq hvwlpdwh ri wkh

vwdqgdug huuru ri lwv hvwlpdwru/ wkh vdpsoh phdq/ �[? � q3�
S?

|'�[?|1 Wkh errwvwuds fdq eh

xvhg iru wkhvh sxusrvhv1

Zh iroorz Odklul +4<<<, lq ghvfulelqj wkh eorfn errwvwuds phwkrgv1 Ohw c @ c? 5 Q +4 ? c ? q,

ghqrwh wkh +h{shfwhg, ohqjwk ri wkh eorfnv dqg ohw E|c� @ i[?|>[?c|n�> = = = >[?c|n�3�j eh wkh

eorfn ri c frqvhfxwlyh revhuydwlrqv vwduwlqj dw [?|> c @ 4 fruuhvsrqgv wr wkh vwdqgdug errw0

vwuds1 Dvvxph iru vlpsolflw| wkdw q @ nc=4 Wkh PEE uhvdpsohv n @ q@c eorfnv udqgrpo|

zlwk uhsodfhphqw iurp wkh vhw ri q � c . 4 ryhuodsslqj eorfnv iE�c�> = = = >E?3�n�c�j1 Wkxv/ li

zh ohw L?�> = = = > L?& eh l1l1g1 udqgrp yduldeohv xqlirupo| glvwulexwhg rq i4> = = = > q� c. 4j/ wkh
PEE svhxgr0wlph vhulhv

q
[
WE��
?| > w @ 4> = = = > q

r
lv wkh uhvxow ri duudqjlqj wkh hohphqwv ri wkh n

uhvdpsohg eorfnv EU?�c�> = = = > EU?&c� lq d vhtxhqfh= [WE��
?� @ [?cU?� >[

WE��
?2 @ [?cU?�n�> = = = >[

WE��
?� @

[?cU?�n�3�
>[

WE��
?c�n� @ [?cU?2 > = = = >[

WE��
?c&, @ [?cU?&n�3�= Khuh dqg wkurxjkrxw/ zh xvh wkh vxshu0

vfulsw +4, lq [
WE��
?c| wr ghqrwh wkh errwvwuds vdpsohv rewdlqhg e| wkh PEE1 Vlploduo|/ zh zloo xvh

wkh vxshuvfulsw +5, wr ghqrwh errwvwuds vdpsohv rewdlqhg e| wkh VE uhvdpsolqj vfkhph1

Xqolnh wkh PEE/ wkh vwdwlrqdu| errwvwuds uhvdpsohv eorfnv ri udqgrp vl}h1 Ohw s @ c3�

eh d jlyhq qxpehu lq +3> 4,> s @ 4 fruuhvsrqgv wr wkh vwdqgdug errwvwuds1 Ohw O?�> O?2> = = =

eh frqglwlrqdoo| l1l1g1 udqgrp yduldeohv kdylqj wkh jhrphwulf glvwulexwlrq zlwk sdudphwhu s vr

wkdw wkh suredelolw| ri wkh hyhqw iO?� @ nj lv +4� s,&3� s iru n @ 4> 5> = = = 1 Lqghshqghqw ri

i[?|j dqg ri iO?|j > ohw L?�> L?2> = = = eh l1l1g1 udqgrp yduldeohv kdylqj wkh xqlirup glvwulexwlrq

rq i4> = = = > qj1 Wkh VE svhxgr0wlph vhulhv
q
[
WE2�
?|

r
fdq eh rewdlqhg e| mrlqlqj wkh uhvdpsohg

eorfnv EU?�cu?� >EU?2cu?2 > = = = >EU?g cu?g / zkhuh N @ lqi in � 4 = O?� . = = =. O?& � qj = Wkxv/ wkh
vwdwlrqdu| errwvwuds dprxqwv wr uhvdpsolqj eorfnv ri revhuydwlrqv ri udqgrp ohqjwk/ zkhuh hdfk

eorfn vl}h kdv d jhrphwulf glvwulexwlrq zlwk sdudphwhu s dqg h{shfwhg ohqjwk htxdo wr �
R @ c1

Zh vkdoo uhtxluh c @ c? wr whqg wr lq�qlw| dw dq dssursuldwh udwh/ zklfk lv htxlydohqw wr ohwwlqj

s @ s? whqg wr }hur1 Khqfh/ rq dyhudjh wkh ohqjwkv ri wkh VE eorfnv whqg wr lq�qlw| zlwk q dv

4 Li ? lv qrw glylvleoh e| �/ zh fdq ohw & eh wkh vpdoohvw lqwhjhu vdwlvi|lqj &� : ? dqg ghohwh wkh revhuydwlrqv
fW

?| iru | : ? +Srolwlv dqg Urpdqr/ 4<<7,> dowhuqdwlyho|/ zh fdq ohw & ' d?*�o eh wkh lqwhjhu sduw ri ?*� dqg ohw
?� ' d?*�o � uhsodfh ?c dv lq Dqguhzv/ 4<<</ dqg uhihuhqfhv wkhuhlq1
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kdsshqv zlwk wkh +�{hg, PEE eorfnv ohqjwkv1

Dv Srolwlv dqg Urpdqr +4<<7, uhpdun/ dq dowhuqdwlyh zd| wr jhqhudwh wkh VE uhvdpsohv lv

dv iroorzv= ohw [WE2�
?� eh slfnhg dw udqgrp iurp wkh ruljlqdo q revhuydwlrqv/ l1h1 [

WE2�
?� @ [?cU? >

zkhuh L? lv dq l1l1g1 udqgrp yduldeoh zlwk xqlirup glvwulexwlrq rq i4> = = = > qj = Zlwk suredelolw|

s> ohw [WE2�
?2 eh udqgrpo| gudzq iurp wkh ruljlqdo q revhuydwlrqv/ zkloh zlwk suredelolw| 4 � s>

[
WE2�
?2 lv wkh �qh{w� revhuydwlrq lq wkh ruljlqdo wlph vhulhv iroorzlqj [?cU? / l1h1 [

WE2�
?2 @ [?cU?n�/

dqg vr rq xqwlo q revhuydwlrqv lq wkh uhvdpsoh kdyh ehhq jhqhudwhg1 Li w A q/ [WE2�
?| lv gh�qhg wr

eh [?r> zkhuh v @ w +prgq,1

Lq frqwudvw wr wkh PEE uhvdpsolqj phwkrg/ wkh vwdwlrqdu| errwvwuds uhvdpsoh lv d vwulfwo|

vwdwlrqdu| surfhvv +Srolwlv dqg Urpdqr/ 4<<7,/ frqglwlrqdo rq wkh ruljlqdo gdwd1

Jlyhq wkh errwvwuds uhvdpsoh i[WE��
?� > = = = >[

WE��
?? j/ m @ 4> 5/ rqh fdq frpsxwh wkh errwvwuds

yhuvlrq ri wkh vwdwlvwlf ri lqwhuhvw/ �[
WE��
? � q3�

S?
|'�[

WE��
?| 1 Iru vwdwlrqdu| �0pl{lqj surfhvvhv/

N qvfk +4<;<, dqg Srolwlv dqg Urpdqr +4<<7, vkrz wkdw wkhlu eorfn errwvwuds �zrunv�1 Dv d

frqvhtxhqfh/ e| uhshdwlqj wklv surfhgxuh d odujh qxpehu E ri wlphv/ rqh fdq dssur{lpdwh wkh

wuxh glvwulexwlrq ri
s
q+ �[? � ��?, e| wkh dssur{lpdwh vdpsolqj glvwulexwlrq ri

s
q+ �[

WE��
? � �[?,>

frqglwlrqdo rq wkh ruljlqdo gdwd/ jlyhq e| wkh hpslulfdo glvwulexwlrq ri wkh E gudzv ri
s
q+ �[

WE��
? �

�[?,1 Olnhzlvh/ dq hvwlpdwh ri wkh yduldqfh ri wkh vfdohg vdpsoh phdq �2? � ydu
�s

q �[?

�
lv hdvlo|

rewdlqhg e| xvlqj wkh errwvwuds yduldqfh a�2?c� @ yduW
�s

q �[
WE��
?

�
1 Khuh dqg lq wkh iroorzlqj/ wkh

vwdu ghqrwhv h{shfwdwlrq zlwk uhvshfw wr [
WE��
?� > = = = >[

WE��
?? frqglwlrqdo rq wkh gdwd [?�> = = = >[??=

Wkh jrdo ri wklv vhfwlrq lv wr h{whqg wkhvh uhvxowv wr wkh khwhurjhqhrxv QHG fdvh1

Xqghu wkh dvvxpswlrq ri khwhurjhqhrxv ghshqghqw revhuydwlrqv/ �2? lv jlyhq e|

�2? @ q3�
?[
|'�

H
k
+[?| � �?|,

2
l
. 5

?3�[
�'�

q3�
?3�[
|'�

H
�
+[?| � �?|,

�
[?c|n� � �?c|n�

��
=

Rxu �uvw uhvxow hvwdeolvkhv wkh frqvlvwhqf| ri wkh eorfn errwvwuds yduldqfh hvwlpdwruv iru wkh

vdpsoh phdq/ wkh PEE yduldqfh hvwlpdwru a�2?c� dqg wkh VE yduldqfh hvwlpdwru a�2?c2/ zkhq wkh

revhuydwlrqv duh qhdu hsrfk ghshqghqw rq d pl{lqj surfhvv1 Dv lw wxuqv rxw/ qhlwkhu ri wkhvh

errwvwuds yduldqfh hvwlpdwruv uhtxluh uhvdpsolqj wkh revhuydwlrqv1 Lqghhg/ wkh iroorzlqj irupxod
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iru a�2?c� lv dydlodeoh +N qvfk/ 4<;</ Wkhruhpv 614 dqg 617,=

a�2?c� @
�3�[

�'3�n�

�
4� m� m

c

�
�U? +�, > +514,

zkhuh

�U? +�, @

?3�� �[
|'�

�? +w> �,
�
[?| � �[kc?

� �
[?c|n�� � � �[kc?

�
> dqg

�[kc? @
?[
|'�

�? +w,[?|=

Wkh zhljkwv �? +w, dqg �? +w> �, duh jlyhq dv iroorzv +fi1 N qvfk/ 4<;</ h{suhvvlrqv +615, dqg

+61:,,=

�? +w, @

;A?
A=

|
�E?3�n�� >

�
?3�n� >
?3|n�

�E?3�n�� >

li w 5 i4> = = = > c� 4j
li w 5 ic> = = = > q� c. 4j
li w 5 iq� c. 5> = = = > qj >

+515,

dqg

�? +w> �, @

;A?
A=

|
E�3�� ��E?3�n�� >

�
?3�n� >

?3|3�� �n�
E�3�� ��E?3�n�� >

li w 5 i4> = = = > c� m� m � 4j
li w 5 ic� m� m > = = = > q� c. 4j
li w 5 iq� c. 5> = = = > q� m� mj >

+516,

zkhuh
S?

|'� �? +w, @ 4 dqg
S?3�� �

|'� �? +w> �, @ 4= Wkxv/ dv N qvfk +4<;<, uhpdunv/ �[kc? lv dv|ps0

wrwlfdoo| htxlydohqw wr wkh vdpsoh phdq �[? li c @ r +q, > dqg �U? +�, lv dq hvwlpdwh ri wkh dxwrfr0

yduldqfh dw odj � vlplodu wr wkh xvxdo vdpsoh fryduldqfh/ exw zlwk d vpdoohu eldv1

Vlploduo|/ wkh VE yduldqfh hvwlpdwru fdq eh fdofxodwhg zlwk wkh iroorzlqj irupxod +Srolwlv dqg

Urpdqr/ 4<<7/ Ohppd 4,=

a�2?c2 @ aU? +3, . 5
?3�[
�'�

e? +�, aU? +�, > +517,

zkhuh

aU? +�, @ q3�
?3�[
|'�

�
[?| � �[?

� �
[?c|n� � �[?

�

lv wkh xvxdo dxwrfryduldqfh hvwlpdwru dqg

e? +�, @
�
4� �

q

�
+4� s,� .

�

q
+4� s,?3�

lv wkh Srolwlv dqg Urpdqr +4<<7, zhljkw/ zlwk vprrwklqj sdudphwhu s � c3�1

:



Dv lv hylghqw iurp +514, dqg +517,/ wkh PEE dqg wkh VE yduldqfh hvwlpdwruv iru wkh vdpsoh

phdq duh forvho| uhodwhg wr d odj zlqgrz hvwlpdwru ri wkh vshfwudo ghqvlw| dw iuhtxhqf| }hur1

Lq sduwlfxodu/ dv uhpdunhg e| Ilw}hqehujhu +4<<:, dqg e| Srolwlv dqg Urpdqr +4<<7,/ wkh PEE

yduldqfh hvwlpdwru a�2?c� lv dssur{lpdwho| htxlydohqw wr wkh Eduwohww nhuqho yduldqfh hvwlpdwru

frqvlghuhg e| Qhzh| dqg Zhvw +4<;:,1 Srolwlv dqg Urpdqr +4<<7, dovr glvfxvv wkh uhodwlrq

ehwzhhq a�2?c� dqg a�2?c21 Wkh| r�hu dq lqwhusuhwdwlrq iru wkh VE yduldqfh hvwlpdwru dv d zhljkwhg

dyhudjh ryhu c ri PEE yduldqfh hvwlpdwruv zlwk �{hg ohqjwk c/ zklfk vxjjhvwv wkdw a�2?c2 vkrxog

eh ohvv vhqvlwlyh wr wkh fkrlfh ri s wkdq a�2?c� lv wr wkh fkrlfh ri c= Lq d uhfhqw wkhruhwlfdo vwxg|/

Odklul +4<<<, frpsduhv vhyhudo eorfn errwvwuds yduldqfh hvwlpdwruv/ lqfoxglqj wkh PEE dqg wkh

VE1 Kh frqfoxghv wkdw zkloh a�2?c� dqg a�2?c2 kdyh wkh vdph dv|pswrwlf eldv/ wkh yduldqfh ri a�
2
?c2 lv

odujhu wkdq wkdw ri a�2?c�/ vxjjhvwlqj wkdw wkh VE phwkrg lv dv|pswrwlfdoo| ohvv h!flhqw wkdq wkh

PEE1 Lq Vhfwlrq 7/ zh frpsduh wkh �qlwh vdpsoh surshuwlhv ri erwk phwkrgv yld vrph Prqwh

Fduor vlpxodwlrq h{shulphqwv1

Dvvxpswlrq 514 lv xvhg wr hvwdeolvk rxu pdlq frqvlvwhqf| wkhruhp1

Dvvxpswlrq 514

5141d, Iru vrph u A 5/ n[?|n�o � � ? 4 iru doo q> w @ 4> 5> = = = 1

5141e, i[?|j lv qhdu hsrfk ghshqghqw +QHG, rq iY|j zlwk QHG frh!flhqwv y& ri vl}h �2Eo3��
Eo32� >

iY|j lv dq �0pl{lqj vhtxhqfh zlwk �& ri vl}h � 2o
o32 1

Wkhruhp 5141 Dvvxph i[?|j vdwlv�hv Dvvxpswlrq 5141 Wkhq/ li c? $ 4 dqg c? @ r
�
q�*2

�
/ iru

m @ 4> 5>
a�2?c� �

�
�2? . x2?c�

� �$ 3> zkhuh x2?c� � yduW

#
q3�*2

?[
|'�

�
WE��
?|

$
=

Wkh surri ri wklv dqg ri doo rxu uhvxowv fdq eh irxqg lq wkh Dsshqgl{1

Xqghu duelwudu| khwhurjhqhlw| lq i[?|j wkh eorfn errwvwuds yduldqfh hvwlpdwruv a�2?c�/ m @ 4> 5>

duh qrw frqvlvwhqw iru �2?/ exw iru �
2
? . x2?c�1 Wkh whup x2?c� lv uhodwhg wr wkh khwhurjhqhlw| lq wkh

phdqv i�?|j dqg dprxqwv wr d eorfn errwvwuds yduldqfh ri wkh vfdohg errwvwuds srsxodwlrq phdq

;



s
q��W?= Wkhruhp 514 pdnhv fohdu wkdw d qhfhvvdu| frqglwlrq iru wkh frqvlvwhqf| ri a�2?c� iru �

2
? lv

wkdw x2?c� $ 3 dv q $ 41 D vx!flhqw frqglwlrq iru x2?c� wr ydqlvk lv �uvw rughu vwdwlrqdulw| ri

i[?|j = li �?| � H +[?|, @ � iru doo q> w/ wkhq x2?c� @ 31 Zh kdyh wkh iroorzlqj ohppd1

Ohppd 5141 Li zh ohw ��kc? @
S?

|'� �? +w,�?|/

x2?c� @
�3�[

�'3�n�

�
4� m� m

c

� ?3�� �[
|'�

�? +w> � ,
�
�?| � ��kc?

� �
�?c|n�� � � ��kc?

�
> dqg

x2?c2 @ q3�
?[
|'�

+�?| � ��?,
2 . 5

?3�[
�'�

e? +�,q
3�

?3�[
|'�

+�?| � ��?,
�
�?c|n� � ��?

�
=

Lq idfw/ wkh frqglwlrq olp?<" x2?c� @ 3/ m @ 4> 5> vkrxog eh lqwhusuhwhg dv dq krprjhqhlw|

frqglwlrq rq wkh phdqv1 Wkh iroorzlqj dvvxpswlrq hqvxuhv olp?<" x2?c� @ 3> m @ 4> 5=

Dvvxpswlrq 515 q3�
S?

|'� +�?| � ��?,
2 @ r

�
c3�?

�
> zkhuh c? $ 4 dqg c? @ r +q,1

Wkh iroorzlqj frqvlvwhqf| uhvxow krogv xqghu Dvvxpswlrqv 514 dqg 515 dqg lv dq lpphgldwh

frqvhtxhqfh ri wkh suhylrxv uhpdun1

Fruroodu| 5141 Dvvxph i[?|j vdwlv�hv Dvvxpswlrqv 514 dqg 5151 Wkhq/ li c? $ 4 dqg c? @

r
�
q�*2

�
/

a�2?c� � �2?
�$ 3> m @ 4> 5=

Wklv uhvxow h{whqgv wkh suhylrxv frqvlvwhqf| uhvxowv e| N qvfk +4<;<, dqg Srolwlv dqg Ur0

pdqr +4<<7, wr wkh fdvh ri ghshqghqw khwhurjhqhrxv grxeoh duud|v ri udqgrp yduldeohv/ zkhuh

wkh vwdwlrqdu| pl{lqj dvvxpswlrq lv uhsodfhg e| wkh pruh jhqhudo dvvxpswlrq ri d +srvvleo| khw0

hurjhqhrxv, grxeoh duud| qhdu hsrfk ghshqghqw rq d pl{lqj surfhvv1 Qrwlfh lq sduwlfxodu wkdw

zh gr qrw dvvxph dv|pswrwlf fryduldqfh vwdwlrqdulw|1

Lq sduwlfxodu/ iru m @ 5/ Fruroodu| 514 frqwdlqv d yhuvlrq ri Srolwlv dqg Urpdqr*v +4<<7,

Wkhruhp 4 dv d vshfldo fdvh1 Frqvlghu d vwulfwo| vwdwlrqdu| �0pl{lqj vhtxhqfh i[�> = = = >[?j
vdwlvi|lqj Dvvxpswlrq 5141 Ehfdxvh d pl{lqj surfhvv lv wulyldoo| qhdu hsrfk ghshqghqw rq lwvhoi/

wkh QHG uhtxluhphqw lv dxwrpdwlfdoo| vdwlv�hg1 Fruroodu| 514 dfklhyhv wkh vdph frqfoxvlrq dv

<



Srolwlv dqg Urpdqr*v +4<<7, Wkhruhp 4 xqghu wkh vdph prphqw frqglwlrqv exw zhdnhu �0pl{lqj

vl}h frqglwlrqv +�& @ R
�
n3b

�
iru vrph � A 2o

o32 dqg u A 5 khuh lq frqwudvw wr �& @ R
�
n3b

�
iru

vrph � A �ESn0�
0 dqg % A 3 wkhuh,1 Zh doorz pruh ghshqghqfh khuh/ zlwk wkh idploldu wudgh0r�

ehwzhhq prphqw dqg phpru| frqglwlrqv1 Qhyhuwkhohvv/ zh uhtxluh wkh vwurqjhu frqglwlrq wkdw

c? @ r
�
q�*2

�
/ l1h1 q�*2s? $ 4 +zlwk s? @ c3�? $ 3,> zkloh Srolwlv dqg Urpdqr +4<<7, rqo|

uhtxluh c? @ r +q,/ l1h1 qs? $ 41 Lpsrvlqj vwdwlrqdulw| lq rxu iudphzrun zloo hqvxuh wkdw

�2? $ �2" dv q $ 4/ zkhuh �2" @ ydu +[�, . 5
S"

�'� ydu +[�>[�n� ,> khqfh/ a�2?c2 $ �2" lq

suredelolw|/ dv Srolwlv dqg Urpdqr +4<<7, frqfoxgh1

Vlploduo|/ iru m @ 4/ rxu Fruroodu| 514 vshfldol}hv wr N qvfk*v +4<;<, Fruroodu| 614 zkhq

i[|j lv d vwdwlrqdu| �0pl{lqj vhtxhqfh/ xqghu wkh vdph prphqw frqglwlrqv dqg zhdnhu �0pl{lqj

frqglwlrqv/ exw xqghu wkh vwurqjhu uhtxluhphqw wkdw c? @ r
�
q�*2

�
lqvwhdg ri c? @ r +q,1

Wkh qh{w wkhruhp hvwdeolvkhv wkh �uvw rughu dv|pswrwlf htxlydohqfh ehwzhhq wkh prylqj

eorfnv dqg vwdwlrqdu| errwvwuds glvwulexwlrqv dqg wkh qrupdo glvwulexwlrq iru wkh vdpsoh phdq1

D voljkwo| vwurqjhu ghshqghqfh dvvxpswlrq lv lpsrvhg wr dfklhyh wklv uhvxow1 Vshfl�fdoo|/ zh

uhtxluh i[?|j wr eh O2nB�QHG rq d pl{lqj surfhvv +vhh Dqguhzv +4<;;,,/ iru vpdoo � A 3/ l1h1

y& � vxs?c|

���[?| �H|n&
|3& +[?|,

���
2nB

$ 3 dv q $ 41 Zh vwuhqjwkhq Dvvxpswlrq 5141e, voljkwo|=

5141e�, Iru vrph vpdoo � A 3/ i[?|j lv O2nB�QHG rq iY|j zlwk QHG frh!flhqwv y& ri vl}h

�2Eo3��
Eo32� > iY|j lv dq �0pl{lqj vhtxhqfh zlwk �& ri vl}h � E2nB�o

o32 1

Wkhruhp 5151 Dvvxph i[?|j vdwlv�hv Dvvxpswlrqv 514 dqg 515 vwuhqjwkhqhg e| 5141e�,1 Wkhq

�2? � N ? 4 dqg li �2? � � A 3 iru doo q vx!flhqwo| odujh>

+l, vxs%MU
��S �

�3�?
s
q
�
�[? � ��?

� � {
���+{,

�� $ 3> zkhuh � lv wkh vwdqgdug qrupdo fxpxodwlyh

glvwulexwlrq ixqfwlrq1

+ll, Dvvxph ixuwkhu wkdw c? $ 4 dqg c? @ r
�
q�*2

�
= Wkhq/ iru doo % A 3>

S

�
vxs
%MU

���S W
ks

q
�
�[WE��
? � �[?

�
� {

l
� S

�s
q
�
�[? � ��?

� � {
���� A %

�
$ 3> m @ 4> 5>

zkhuh S W lv wkh suredelolw| phdvxuh lqgxfhg e| wkh errwvwuds/ frqglwlrqdo rq i[?|j?|'�1
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Iru m @ 5> wklv lv dq h{whqvlrq ri Wkhruhp 5 ri Srolwlv dqg Urpdqr +4<<7, iru vwdwlrqdu|

pl{lqj revhuydwlrqv wr wkh fdvh ri QHG ixqfwlrqv ri d pl{lqj surfhvv1 Iru m @ 4/ Wkhruhp 515

vwdwhv d zhdnhu frqfoxvlrq wkdq grhv Wkhruhp 618 ri N qvfk +4<;<,/ vlqfh zh suryh frqyhujhqfh

lq suredelolw|/ exw qrw doprvw vxuh frqyhujhqfh1 Rq wkh rwkhu kdqg/ zh shuplw khwhurjhqhlw| dqg

juhdwhu ghshqghqfh1

Lq sduw +l, zh vwdwh wkh xvxdo dv|pswrwlf qrupdolw| uhvxow iru wkh vdpsoh phdq1 Zh dsso| d

fhqwudo olplw wkhruhp iru duud|v QHG rq pl{lqj surfhvvhv jlyhq e| Zrrogulgjh dqg Zklwh +vhh

h1j1 Jdoodqw dqg Zklwh/ 4<;;/ Wkhruhp 816,1 Lq wkdw uhvxow/ lw vx!fhv wkdw n[?|no � � ? 4 iru

vrph u A 5 dqg i[?|j lv QHG rq i%|j ri vl}h �4/ dv lv lpphgldwho| jxdudqwhhg e| wkh vwurqjhu

frqglwlrqv zh lpsrvh wr ghulyh rxu errwvwuds uhvxowv1

Lq sduw +ll, zh suryh wkh xqlirup frqyhujhqfh wr }hur +lq suredelolw|, ri wkh glvfuhsdqf| eh0

wzhhq wkh dfwxdo glvwulexwlrq ri
s
q
�
�[? � ��?

�
dqg wkh eorfn errwvwuds dssur{lpdwlrq wr lw1 Wklv

uhvxow iroorzv iurp wkh idfw wkdw xqghu rxu dvvxpswlrqv wkh glvwulexwlrq ri �3�?
s
q
�
�[
WE��
? � �[?

�
/

frqglwlrqdo rq [?�> = = = >[??/ frqyhujhv zhdno| wr wkh vwdqgdug qrupdo glvwulexwlrq iru doo grxeoh

duud|v i[?|j lq d vhw zlwk suredelolw| whqglqj wr rqh1 Lq sduwlfxodu/ zh dsso| d fhqwudo olplw

wkhruhp iru wuldqjxodu duud|v dqg xvh Dvvxpswlrq 5141e�, wr hqvxuh wkdw O|dsrxqry*v frqglwlrq

lv vdwlv�hg xqghu rxu khwhurjhqhrxv QHG frqwh{w1 Dvvxpswlrq 5141e, pljkw zhoo eh vx!flhqw wr

yhuli| wkh zhdnhu Olqghehuj frqglwlrq/ dv lq N qvfk +4<;</ Wkhruhp 618,/ dowkrxjk zh kdyh qrw

yhul�hg wklv1

Ilw}hqehujhu +4<<:, kdv uhfhqwo| suryhq wkh frqvlvwhqf| ri wkh prylqj eorfnv errwvwuds ds0

sur{lpdwlrq wr wkh wuxh vdpsolqj glvwulexwlrq ri wkh vdpsoh phdq iru khwhurjhqhrxv �0pl{lqj

surfhvvhv1 Rxu uhvxow h{whqgv klv e| doorzlqj iru qhdu hsrfk ghshqghqfh rq pl{lqj surfhvvhv1

Krzhyhu/ lq wkh sxuho| vwurqj pl{lqj fdvh/ rxu prphqw dqg phpru| frqglwlrqv duh pruh vwulq0

jhqw wkdq klv1 Lq sduwlfxodu/ klv Wkhruhp 614 rqo| uhtxluhv H m[|m2RnB ? F/ iru vpdoo � A 3 dqg

s A 5/ dqg i[|j vwurqj pl{lqj ri vl}h � R
R32 1 Srolwlv hw do1 +4<<:/ Wkhruhp 614, kdyh dovr hvwde0

olvkhg wkh urexvwqhvv ri wkh vxevdpsolqj phwkrg iru frqvlvwhqw vdpsolqj glvwulexwlrq hvwlpdwlrq

iru khwhurjhqhrxv dqg ghshqghqw gdwd xqghu plog prphqw frqglwlrqv +H m[|m2n20 � � ? 4 iru
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vrph % A 3,1 Qhyhuwkhohvv/ wkh| dovr dvvxphg d vwurqj pl{lqj surfhvv/ dv|pswrwlf fryduldqfh

vwdwlrqdulw|/ dqg voljkwo| vwurqjhu vl}h uhtxluhphqwv wkdq rxuv rq wkh pl{lqj frh!flhqwv +�& ri

vl}h ��Een0�
0 ,1

D zhoo nqrzq surshuw| ri wkh PEE vwdwlvwlf
s
q
�
�[
WE��
? � �[?

�
lv wkdw lwv +frqglwlrqdo, h{0

shfwhg ydoxh lv qrw }hur1 Lqghhg/ xqghu wkh PEE uhvdpsolqj vfkhphHW
�
�[
WE��
?

�
@

S?
|'� �? +w,[?|/

zkhuh wkh zhljkwv �? +w, duh gh�qhg dv lq +515,1 Li c? @ r +q,/ rqh fdq vkrz wkdw HW
�
�[
WE��
?

�
@

�[? . R�

�
�?
?

�
+vhh h1j1 Ohppd D14 ri Ilw}hqehujhu/ 4<<:,1 Wkxv/ wkh PEE glvwulexwlrq kdv d

udqgrp eldv
s
q
�
HW

�
�[
WE��
?

�
� �[?

�
> zklfk lv ri rughu R�

�
�?
?�*2

�
1 +Iru wkh VE qr vxfk sureohp

h{lvwv vlqfh HW
�
�[
WE2�
?

�
@ �[?=, Dv srlqwhg rxw e| Odklul +4<<5,/ wklv udqgrp eldv ehfrphv suh0

grplqdqw iru vhfrqg rughu dqdo|vlv dqg suhyhqwv wkh PEE iurp surylglqj vhfrqg rughu lpsuryh0

phqwv ryhu wkh vwdqgdug qrupdo dssur{lpdwlrq1 Wr fruuhfw iru wklv eldv/ kh vxjjhvwv uhfhqwhulqj

wkh PEE glvwulexwlrq durxqg wkh errwvwuds phdq/ wkdw lv/ wr frqvlghu wkh errwvwuds glvwulexwlrq

ri
s
q
�
�[
WE��
? �HW

�
�[
WE��
?

��
1 Wkh iroorzlqj uhvxow vkrzv wkdw xqghu wkh dvvxpswlrqv ri Wkhruhp

515 uhfhqwhulqj wkh PEE glvwulexwlrq durxqg wkh PEE errwvwuds phdq lv dv|pswrwlfdoo| ydolg

+wr �uvw rughu, lq wklv khwhurjhqhrxv QHG frqwh{w1

Fruroodu| 5151 Xqghu wkh dvvxpswlrqv ri Wkhruhp 515/ iru doo % A 3>

S

�
vxs
%MU

���S W
ks

q
�
�[WE��
? �HW

�
�[WE��
?

��
� {

l
� S

�s
q
�
�[? � ��?

� � {
���� A %

�
$ 3>

zkhuh S W lv wkh suredelolw| phdvxuh lqgxfhg e| wkh PEE errwvwuds/ frqglwlrqdo rq i[?|j?|'�1

Wkhruhp 515 dqg Fruroodu| 515 mxvwli| wkh xvh ri wkh PEE dqg VE glvwulexwlrqv wr rewdlq dq

dv|pswrwlfdoo| ydolg frq�ghqfh lqwhuydo iru ��? lqvwhdg ri xvlqj d frqvlvwhqw hvwlpdwh ri wkh ydul0

dqfh dorqj zlwk wkh qrupdo dssur{lpdwlrq1 Iru h{dpsoh/ dq htxdo wdlohg +4� �, 433( vwdwlrqdu|

errwvwuds frq�ghqfh lqwhuydo iru ��? zrxog eh ^ �[? � tW?
�
4� k

2

�
> �[? � tW?

�
k
2

�
`> zkhuh tW?

�
k
2

�
dqg

tW?
�
4� k

2

�
duh wkh k

2 dqg 4� k
2 txdqwlohv ri wkh VE errwvwuds glvwulexwlrq ri �[

WE2�
? � �[?1
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61 H{whqvlrqv

Rxu pdlq uhvxowv fdq eh uhdglo| h{whqghg wr wkh pxowlyduldwh phdq dqg wr vprrwk ixqfwlrqv ri

vdpsoh phdqv1

Wkh �uvw h{whqvlrq zh vwxg| lv wkh pxowlyduldwh vdpsoh phdq1 Vxssrvh hdfk [?| wdnhv ydoxhv

lq U
_ zlwk l|� hohphqw jlyhq e|[?|�= Wkh sdudphwhu ri lqwhuhvw lv qrz wkh yhfwru ri dyhudjh phdqv

��?/ zlwk w|slfdo hohphqw ��?� @ q3�
S?

|'�H +[?|�, iru q @ 4> 5> = = = > dqg l @ 4> = = = > g1 E| dqdorj|

zlwk Dvvxpswlrq 514/ wkh grxeoh duud| ri udqgrp yhfwruv i[?|j lv dvvxphg wr eh qhdu hsrfk

ghshqghqw rq wkh vwurqj pl{lqj vhtxhqfh iY|j= Iru m @ 4> 5> d pxowlyduldwh svhxgr0wlph vhulhv

i[WE��
?| j lv jhqhudwhg e| wkh PEE dqg wkh VE uhvdpsolqj vfkhphv ghvfulehg ehiruh lq h{dfwo| wkh

vdph zd|1

Zh ohw Y? � ydu
�s

q �[?

�
eh wkh g � g fryduldqfh pdwul{ zlwk w|slfdo hohphqw �2?c�, �

ydu
�s

q �[?�>
s
q �[?,

�
=WkhPEE dqg VE fryduldqfh hvwlpdwruv ghqrwhg e| aY?c� � yduW

�s
q �[

WE��
?

�
>

iru m @ 4> 5> uhvshfwlyho|/ fdq eh frpsxwhg zlwkrxw uhvdpsolqj dv ehiruh1 Lq idfw/ iroorzlqj

N qvfk +4<;</ Wkhruhpv 614 dqg 617,/ wkh iroorzlqj irupxod iru d w|slfdo hohphqw a�2?c�c�, ri aY?c�

fdq eh rewdlqhg=

a�2?c�c�, @
�U�,
? +3, .

�3�[
�'�

�
4� �

c

��
�U�,
? +�, . �U,�

? +�,
�
>

zkhuh
�U�,
? +�, @

?3�[
|'�

�? +w> �,
�
[?|� � �[kc?c�

� �
[?c|n�c, � �[kc?c,

�
>

dqg �[kc?c� @
S?

|'� �? +w,[?|� iru l @ 4> = = = > g> dqg �? +w, dqg �? +w> �, duh jlyhq lq +515, dqg

+516,/ uhvshfwlyho|1 Vlploduo|/ iru d w|slfdo hohphqw a�2?c2c�, ri aY?c2 +fi1 Ohppd 4 lq Srolwlv dqg

Urpdqr +4<<7,,/ zh kdyh

a�2?c2c�, @
aU�,
? +3, .

?3�[
�'�

e? +�,
�
aU�,
? +�, . aU,�

? +�,
�
>

zkhuh aU�,
? +�, lv wkh xvxdo furvv fryduldqfh hvwlpdwru dw odj � / l=h= aU�,

? +�, @

q3�
S?3�

|'�

�
[?|� � �[?�

� �
[?c|n�c, � �[?,

�
> e? +�, lv wkh VE zhljkw dqg s @ s? � c3�? =

Wkh iroorzlqj uhvxowv duh wkh gluhfw frxqwhusduwv ri Wkhruhpv 514 dqg 515 iru wkh pxowlyduldwh
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vdpsoh phdq1

Wkhruhp 6141 Ohw i[?|j eh d grxeoh duud| ri g�4 udqgrp yhfwruv zlwk w|slfdo hohphqw i[?|�j
vdwlvi|lqj Dvvxpswlrq 5141 Ohw Y? � ydu

�s
q �[?

�
dqg aY?c� � yduW

�s
q �[

WE��
?

�
/ m @ 4> 5= Li c? $ 4

dqg c? @ r
�
q�*2

�
/ wkhq iru m @ 4> 5>

aY?c� � +Y? . X?c�,
�$ 3> zkhuh X?c� � yduW

�s
q��WE��?

�
=

Wkh eldv whup X?c� fdq eh lqwhusuhwhg dv wkh eorfn errwvwuds yduldqfh0fryduldqfh pdwul{ ri

s
q��

WE��
? wkdw zrxog uhvxow li zh frxog uhvdpsoh wkh yhfwru wlph vhulhv i�?|j1 D pxowlyduldwh

h{whqvlrq ri Ohppd 514 jlyhv wkh dssursuldwh h{suhvvlrqv iru X?c� iru m @ 4> 51 Li wkh hohphqwv ri

i[?|j vdwlvi| Dvvxpswlrqv 514 dqg 515/ wkhq X?c� $ 3 dv q $ 4 dqg zh rewdlq wkh frqvlvwhqf|

uhvxow aY?c� � Y?
�$ 31

Wkhruhp 6151 Ohw i[?|j eh d grxeoh duud| ri g�4 udqgrp yhfwruv zlwk w|slfdo hohphqw i[?|�j
vdwlvi|lqj Dvvxpswlrqv 514 dqg 515 vwuhqjwkhqhg e| 5141e�,1 Ohw Y? � ydu

�s
q �[?

�
eh srvlwlyh

gh�qlwh xqlirupo| lq q/ l1h1 Y? lv srvlwlyh vhplgh�qlwh iru doo q dqg ghwY? � � A 3 iru doo q

vx!flhqwo| odujh1 Wkhq Y? @ R +4, dqg

+l, Y
3�*2
?

s
q
�
�[? � ��?

� , Q +3> L_, xqghu S> dqg

vxs
%MU_

���S ks
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�
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��� $ 3/

zkhuh � lv wkh vwdqgdug pxowlyduldwh qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq/ _ � % dssolhv

wr hdfk frpsrqhqw ri wkh uhohydqw yhfwru dqg _ , % ghqrwhv frqyhujhqfh lq glvwulexwlrq1

Pruhryhu/ li c? $ 4 dqg c? @ r
�
q�*2

�
> wkhq iru dq| % A 3> dqg iru m @ 4> 5>

+ll, Y
3�*2
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s
q
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, Q +3> L_, xqghu S W zlwk suredelolw| S dssurdfklqj rqh/ dqg

S
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vxs
%MU_
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ks
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� S
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q
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zkhuh S W lv wkh suredelolw| phdvxuh lqgxfhg e| wkh errwvwuds/ frqglwlrqdo rq i[?|j?|'� =

Iru m @ 5/ Wkhruhp 615 lv dq h{whqvlrq ri Wkhruhp 6 ri Srolwlv dqg Urpdqr +4<<7, wr wkh

khwhurjhqhrxv qhdu hsrfk ghshqghqw fdvh1
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Zh qrz frqvlghu wkh ydolglw| ri wkh errwvwuds iru vprrwk ixqfwlrqv ri vdpsoh phdqv1 Zh iroorz

Krurzlw} +4<<<, lq ghvfulelqj wkh �vprrwk ixqfwlrq prgho�1 Vshfl�fdoo|/ zh ohw i
�
�]?�> = = = > �]?R

�
ghqrwh wkh vwdwlvwlf ri lqwhuhvw/ zkhuh i @ +i�> = = = > i^, lv d vprrwk ixqfwlrq iurp U

R wr U
^

lq wkh vhqvh gh�qhg ehorz/ �]?� @ q3�
S?

|'� k� +[?|, iru l @ 4> = = = > s dqg hdfk k� lv d nqrzq

qrqvwrfkdvwlf ixqfwlrq iurp U
_ wr U1 Wkh sdudphwhu ri lqwhuhvw lv i

�
�~?� > = = = > �~?R

�
/ zkhuh

��~?� @ q3�
S?

|'�H ^k� +[?|,`1 Zh zloo dvvxph wkdw hdfk uhdo0ydoxhg ixqfwlrq i� lv frqwlqxrxvo|

gl�huhqwldeoh lq U
R +ru dw ohdvw lq d qhljkerukrrg ri ��~? �

�
��~?�> = = = > ��~?R

��
, dqg wkdw wkh

judglhqw ri i dw ��~? / wkh s � t pdwul{ ui
�
��~?

�
/ kdv ixoo froxpq udqn xqlirupo| lq q +zklfk

lpsolhv wkdw hdfk i� kdv d qrq}hur gl�huhqwldo dw ��~?,1 Li zh ixuwkhu lpsrvh wkh prphqw dqg

phpru| frqglwlrqv rq ik� +[?|,j dv jlyhq e| Dvvxpswlrq 514/ wkh iroorzlqj wkhruhp lv wuxh1

Wkhruhp 6161 Iru k = U
_ $ U

R/ ohw ik +[?|,j eh d grxeoh duud| ri s � 4 udqgrp yhfwruv

zlwk w|slfdo hohphqw ik� +[?|,j vdwlvi|lqj Dvvxpswlrqv 514 dqg 515 vwuhqjwkhqhg e| 5141e�,1

Iru l @ 4> = = = > s> ohw �]?� @ q3�
S?

|'� k� +[?|,/ ��~?� @ q3�
S?

|'�H ^k� +[?|,` dqg zulwh �]? @�
�]?�> = = = > �]?R
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+lll, Li zh dvvxph ixuwkhu wkdw i = UR $ U
^ lv frqwlqxrxvo| gl�huhqwldeoh dqg wkdw ui

�
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ixoo froxpq udqn xqlirupo| lq q/ wkhq iru m @ 4> 5>
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Iru m @ 5/ Wkhruhp 616 lv dq h{whqvlrq ri Wkhruhp 7 ri Srolwlv dqg Urpdqr +4<<7, wr wkh

QHG khwhurjhqhrxv fdvh1

Sduwv +l, dqg +ll, iroorz wulyldoo| e| dq dssolfdwlrq ri Wkhruhp 615 wr wkh grxeoh duud|

ik +[?|,j = Wr hvwdeolvk sduw +lll, zh dsso| d phdq ydoxh h{sdqvlrq wr i
�
�]?

�
durxqg ��~? wr vkrz
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�� , Q +3> L^,/ zkhuh �? @ u�i
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1 Vlploduo|/ zh

vkrz wkdw iru m @ 4> 5/
s
q�
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?
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�]
WE��
?

�
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�]?

�� , Q +3> L^, xqghu S W zlwk suredelolw| S

dssurdfklqj rqh/ zklfk gholyhuv wkh uhvxow1

71 Vlpxodwlrq uhvxowv

Dq lpphgldwh dssolfdwlrq ri Wkhruhp 616 lv wkh frqvwuxfwlrq ri frq�ghqfh lqwhuydov iru sdudp0

hwhuv ri olqhdu prghov wkdw duh hvwlpdwhg e| ohdvw vtxduhv ru lqvwuxphqwdo yduldeohv hvwlpdwruv

vlqfh wkhvh hvwlpdwruv duh vprrwk ixqfwlrqv ri vdpsoh phdqv1

Lq wklv vhfwlrq zh suhvhqw wkh uhvxowv ri d vlpxodwlrq vwxg| dlphg dw dvvhvvlqj wkh �qlwh vdpsoh

surshuwlhv ri d ydulhw| ri errwvwuds phwkrgv iru lqihuhqfh lq wkh frqwh{w ri d pxowlyduldwh olqhdu

uhjuhvvlrq1 Zh frqvlghu wkh sureohp ri exloglqj d frq�ghqfh lqwhuydo iru d vlqjoh uhjuhvvlrq

sdudphwhu dqg xvh wkh �qlwh vdpsoh fryhudjh suredelolw| ri v|pphwulf <8( frq�ghqfh lqwhuydov

dv rxu shuirupdqfh fulwhulrq1 Rxu vwxg| lv dqdorjrxv wr wkh vlpxodwlrq vwxglhv e| Ilw}hqehujhu

+4<<:, +zkr frqvlghuv wkh prylqj eorfnv errwvwuds, dqg Srolwlv hw do1 +4<<:, +zkr frqvlghu

wkh vxevdpsolqj dqg wkh prylqj eorfnv errwvwuds,1 Khuh zh frqvlghu prylqj eorfnv errwvwuds

+PEE, dqg vwdwlrqdu| errwvwuds +VE, surfhgxuhv1 Iru frpsdulvrq/ zh dovr frqvlghu wzr rwkhu

vwdqgdug nhuqho fryduldqfh hvwlpdwruv/ wkh Eduwohww nhuqho +EW, hvwlpdwru dqg Dqguhzv* +4<<4,

Txdgudwlf Vshfwudo hvwlpdwru +TV,1

Zh iroorz wkh edvlf vhwxs ri Dqguhzv +4<<4, dqg Dqguhzv dqg Prqdkdq +4<<5, zkr frqvlghu

wkh olqhdu uhjuhvvlrq prgho || @ {�|�. %|> zkhuh {�| @ +4> �{�|, frqwdlqv �yh uhjuhvvruv/ wkh �uvw rqh

ehlqj d frqvwdqw1 Wkh gdwd jhqhudwlqj surfhvv lv rqh ri wkh surfhvvhv sursrvhg e| Dqguhzv +4<<4,/

qdpho| DU+4,0KHW 4/ lq zklfk wkh huuruv iroorz vrph irup ri frqglwlrqdo khwhurvnhgdvwlflw|1 Lq

sduwlfxodu/ zh ohw {�| @ �{�c|3� . y�|> l @ 5> = = = > 8> �%| @ ��%|3� . x| dqg %| @ m{2|m�%|= Wzr gl�huhqw
glvwulexwlrqv duh xvhg wr jhqhudwh wkh lqqrydwlrqv y�| dqg x|= wkh vwdqgdug qrupdo glvwulexwlrq

dqg wkh +fhqwhuhg, h{srqhqwldo glvwulexwlrq zlwk sdudphwhu 41 Zh vhw wkh wuxh sdudphwhu �

htxdo wr }hur +zlwkrxw orvv ri jhqhudolw|, dqg frqvlghu wkh iroorzlqj ydoxhv iru wkh DU sdudphwhu

�=�3=8> 3=5> 3=8 dqg 3=<1 Lq wkh vlpxodwlrqv/ 43/333 udqgrp vdpsohv duh jhqhudwhg iru wkh vdpsoh
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vl}h q @ 45;/ zklfk lv rqh ri wkh vdpsoh vl}hv frqvlghuhg lq wkh suhylrxv olwhudwxuh1

Wkh jrdo lv wr exlog d frq�ghqfh lqwhuydo iru �21 Wkh wudglwlrqdo dssurdfk uholhv rq wkh

dv|pswrwlf qrupdo dssur{lpdwlrq dqg xvhv d frqvlvwhqw fryduldqfh hvwlpdwru wr frpsxwh wkh

w0vwdwlvwlf1 Wkh nhuqho phwkrgv lpsohphqw wklv dssurdfk1 Zh xvh dq dxwrpdwlf edqgzlgwk

vhohfwlrq surfhgxuh wr frpsxwh wkh nhuqho fryduldqfhv +vhh Dqguhzv/ 4<<4,1 Iru wkh errwvwuds

phwkrgv/ rqh ri vhyhudo srvvleoh dssurdfkhv lv wr irup frq�ghqfh lqwhuydov edvhg gluhfwo| rq wkh

errwvwuds glvwulexwlrq1 Iru h{dpsoh/ d v|pphwulf <8( errwvwuds frq�ghqfh lqwhuydo lv jlyhq

e|
k
a�2? � tW?cf�bD>

a�2? . tW?cf�bD

l
/ zkhuh tW?cf�bD lv wkh 3=<8 txdqwloh ri wkh errwvwuds glvwulexwlrq ri���a�W2? � a�2?

��� > dqg zkhuh a�
W
2? lv wkh uhvdpsohg ROV hvwlpdwru ri �21 Wklv lv rqo| rqh ri pdq| zd|v

wr frqvwuxfw d frq�ghqfh lqwhuydo edvhg rq errwvwuds txdqwlohv1 Iroorzlqj Srolwlv +4<<;,/ zh zloo

fdoo wklv dssurdfk wkh �urrw phwkrg� +fi1 Srolwlv/ 4<<;,1 Ehfdxvh lw grhv qrw uho| rq wkh qrupdo

dssur{lpdwlrq/ wklv phwkrg pljkw eh h{shfwhg wr fdswxuh wkh srwhqwldo vnhzqhvv ri wkh �qlwh

vdpsoh glvwulexwlrq ri wkh hvwlpdwru1 Wr lpsohphqw wkh �urrw phwkrg�/ zh xvh 833 errwvwuds

uhsolfdwlrqv iru hdfk vdpsoh lq wkh Prqwh Fduor h{shulphqw1 Iru wkh prylqj eorfnv errwvwuds

zh frqvlghu �{hg eorfn vl}hv wkdw udqjh iurp c @ 4 wr c @ 65> iru wkh vwdwlrqdu| errwvwuds/ zh

frqvlghu vlplodu dyhudjh eorfn vl}hv/ l1h1 zh wdnh s @ 4 wr s @ 4@65=

Wkh errwvwuds lv dovr xvhg dv d phdqv wr rewdlq d frqvlvwhqw hvwlpdwru ri wkh dv|pswrwlf ydul0

dqfh ri a�2?1 Lq sduwlfxodu/ zh xvh wkh errwvwuds wr frqvlvwhqwo| hvwlpdwh E? @ ydu+q3�*2
S?

|'� {|%|,=

Wr gh�qh wkh errwvwuds yduldqfh hvwlpdwru/ zh ohw i{|a%|j uhsodfh wkh xqrevhuydeoh surfhvv

i{|%|j > zkhuh ia%|j duh wkh ROV uhvlgxdov1 Wkdw lv/ iru hdfk m @ 4> 5> zh frqvlghu aE
E��
? @

yduW
�
q3�*2

S?
|'� {

W
|a%
WE��
|

�
/ zkhuh

q
{W|a%

WE��
|

r
lv d uhvdpsoh iurp i{|a%|j1 Iroorzlqj Dqguhzv +4<<4,/

zh lqwurgxfh d vpdoo vdpsoh ghjuhhv ri iuhhgrp dgmxvwphqw idfwru htxdo wr q@+q � 8, lq rughu

wr wdnh lqwr dffrxqw wkh hvwlpdwlrq ri � zkhq frpsxwlqj a%|> wkh nhuqho phwkrgv dovr xvh wklv

dgmxvwphqw idfwru1 Wr frpsxwh wkh hohphqw +5> 5, ri aE
E��
? fruuhvsrqglqj wr a�2? zh xvh wkh forvhg

irup h{suhvvlrqv jlyhq e| +514, dqg +517,/ zklfk dprxqwv wr frqvlghulqj dq lq�qlwh qxpehu ri

errwvwuds uhvdpsohv1

Wkhruhp 614 mxvwl�hv wkh xvh ri wkh errwvwuds wr surylgh d frqvlvwhqw hvwlpdwru ri wkh fr0
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yduldqfh pdwul{ E?= Dv lw wxuqv rxw/ wkh ihdvleoh hvwlpdwru aE
E��
? edvhg rq

q
{W|a%

WE��
|

r
lv frqvlvwhqw

xqghu wkh vdph frqglwlrqv ri Wkhruhp 614 +vhh Jrqêdoyhv dqg Zklwh/ 5333/ Wkhruhp 614/ iru d

pruh jhqhudo uhvxow wkdw dssolhv wr jhqhudo h{wuhpxp hvwlpdwruv,1 Lq sduwlfxodu/ qrwh wkdw i{|j

dqg i�%|j duh DU+4, surfhvvhv dqg wkxv wkh| duh pl{lqj zlwk jhrphwulfdoo| ghfd|lqj phpru|1

Wklv lpsolhv wkdw wkh surgxfwv i{|%|j duh pl{lqj zlwk wkh vdph vl}h dqg wkxv wkh| duh wulyldoo|

QHG rq d pl{lqj surfhvv1 Wkxv/ Dvvxpswlrq 5141e, lv vdwlv�hg1 Wkh prphqw frqglwlrq/ Dv0

vxpswlrq 5141d,/ lv dovr vdwlv�hg jlyhq wkdw wkh lqqrydwlrqv duh jhqhudwhg dv vwdqgdug qrupdo ru

dv h{srqhqwldo udqgrp yduldeohv1 Vlqfh i{|j dqg i%|j duh lqghshqghqw zlwk phdq }hur/ lw iroorzv

wulyldoo| wkdw H +{|%|, @ 3/ vr wkdw Dvvxpswlrq 515 lv dovr vdwlv�hg1 Dq dssolfdwlrq ri Wkhruhp

616 mxvwl�hv xvlqj wkh errwvwuds wr dssur{lpdwh wkh txdqwlohv ri wkh �qlwh vdpsolqj glvwulexwlrq

ri a�2?=

Zh qrz frpphqw eulh | rq wkh uhvxowv1 Wdeoh 714 frqwdlqv wkh uhvxowv ri rxu vlpxodwlrqv zlwk

Jdxvvldq lqqrydwlrqv dqg Wdeoh 715 uhihuv wr wkh fdvh zkhuh wkh lqqrydwlrqv duh h{srqhqwldo1 +Lq

wkh wdeohv/ c lv xvhg wr ghqrwh wkh �{hg eorfn vl}h iru wkh PEE> iru wkh VE/ c fruuhvsrqgv wr

4@s vr wkdw lq wklv fdvh c ghqrwhv wkh dyhudjh eorfn vl}h,1 Rxu uhvxowv uhsolfdwh wkh �qglqjv ri

suhylrxv vwxglhv iru wkh nhuqho phwkrgv1

Wkh �uvw ihdwxuh ri qrwh lv wkdw doo phwkrgv frqvlvwhqwo| xqghufryhu1 Wklv ihdwxuh whqgv wr

zruvhq zlwk lqfuhdvlqj ghshqghqfh lq wkh gdwd1 Wklv lv hvshfldoo| wuxh iru � @ 3=</ zkhuh doo

phwkrgv kdyh fryhudjh suredelolwlhv zhoo ehorz wkh wuxh qrplqdo ohyho1 Krzhyhu/ iru vx!flhqwo|

odujh eorfn vl}hv/ erwk wkh vwdwlrqdu| errwvwuds dqg wkh prylqj eorfnv errwvwuds vhhp wr ehwwhu

kdqgoh wkh lqfuhdvhg ghshqghqfh lq wkh gdwd/ hvshfldoo| zkhq wkh �urrw phwkrg� lv xvhg1 Lq

sduwlfxodu/ iru Jdxvvldq huuruv dqg � @ 3=</ wkh frq�ghqfh lqwhuydo edvhg rq wkh prylqj eorfnv

errwvwuds txdqwlohv +PEE0urrw, zlwk c @ 49 dfklhyhv d fryhudjh suredelolw| ri ::15( zkloh wkh

ehvw nhuqho phwkrg +TV, rqo| fryhuv wkh wuxh sdudphwhu 9<14( ri wkh wlph1 Wkh ehvw vwdwlrqdu|

errwvwuds frq�ghqfh lqwhuydo iru wklv vfhqdulr +VE0urrw/ zlwk s @ 4@49, kdv d fryhudjh suredelolw|

ri :61;(/ udqnlqj ehorz wkh prylqj eorfnv phwkrg1

Wkh ehwwhu shuirupdqfh ri wkh prylqj eorfnv errwvwuds lq frpsdulvrq wr wkh rwkhu phwkrgv lv

4;



d jhqhudo sdwwhuq lq rxu vlpxodwlrq vwxg|1 Wkh vwdwlrqdu| errwvwuds shuirupv vlploduo|/ dowkrxjk

lw udqnv voljkwo| ehorz wkh prylqj eorfnv errwvwuds1 Wklv lv lq olqh zlwk uhfhqw zrun ri Odklul

+4<<<,/ zkr vkrzv wkdw eorfnlqj errwvwuds phwkrgv wkdw xvh d udqgrp eorfn vl}h whqg wr kdyh

kljkhu phdq vtxduhg huuruv wkdq phwkrgv wkdw xvh d �{hg eorfn ohqjwk1

Qrwh dovr wkdw xvlqj wkh errwvwuds wr dssur{lpdwh wkh txdqwlohv ri wkh wuxh vdpsolqj glvwul0

exwlrq ri wkh hvwlpdwru +PEE0urrw dqg VE0urrw, lqvwhdg ri uho|lqj rq wkh qrupdo glvwulexwlrq

dorqj zlwk d errwvwuds yduldqfh hvwlpdwru +PEE0ydu dqg VE0ydu, w|slfdoo| lqgxfhv ehwwhu fryhu0

djh suredelolwlhv1

Doo phwkrgv shuirup zruvh xqghu wkh h{srqhqwldo glvwulexwlrq dv frpsduhg wr wkh vwdqgdug

qrupdo glvwulexwlrq1 Qhyhuwkhohvv/ wkh fryhudjh suredelolw| vkruwidoo lv odujhvw iru wkh nhuqho

phwkrgv dqg iru wkh PEE0ydu dqg VE0ydu phwkrgv1 E| qrw uho|lqj rq wkh dv|pswrwlf qrupdo

glvwulexwlrq/ wkh �urrw phwkrg� lv deoh wr fdswxuh wkh srwhqwldo vnhzqhvv ri wkh �qlwh vdpsoh

glvwulexwlrq ri wkh hvwlpdwru1

81 Frqfoxvlrq

Lq wklv sdshu zh hvwdeolvk wkh �uvw rughu ydolglw| ri eorfn errwvwuds phwkrgv iru wkh vdpsoh phdq

ri ghshqghqw khwhurjhqhrxv gdwd1 Rxu uhvxowv dsso| wr wkh prylqj eorfnv errwvwuds ri N qvfk

+4<;<, dqg Olx dqg Vlqjk +4<<5, dv zhoo dv wr wkh vwdwlrqdu| errwvwuds ri Srolwlv dqg Urpdqr

+4<<7,1 Lq sduwlfxodu/ zh vkrz wkdw wkh PEE dqg wkh VE yduldqfh hvwlpdwruv iru wkh vdpsoh

phdq duh frqvlvwhqw xqghu d zlgh fodvv ri gdwd jhqhudwlqj surfhvvhv/ wkh surfhvvhv qhdu hsrfk

ghshqghqw rq d pl{lqj surfhvv1 Zh dovr suryh wkh �uvw rughu dv|pswrwlf htxlydohqfh ehwzhhq

wkh eorfn errwvwuds glvwulexwlrqv dqg wkh qrupdo glvwulexwlrq lq wklv khwhurjhqhrxv qhdu hsrfk

ghshqghqw frqwh{w1

Zh shuirup d vlpxodwlrq vwxg| iru wkh fdvh ri d pxowlyduldwh olqhdu uhjuhvvlrq1 Wkh eorfn

errwvwuds phwkrgv shuirup idluo| zhoo frpsduhg wr pruh vwdqgdug nhuqho phwkrgv/ dqg fdq

gholyhu ehwwhu lqihuhqfhv/ hvshfldoo| xqghu kljk vhuldo fruuhodwlrq lq wkh gdwd1

4<



Wdeoh 714= Hpslulfdo fryhudjh suredelolwlhv zlwk Jdxvvldq Lqqrydwlrqv
<8( ohyho frq�ghqfh lqwhuydov/ q @ 45;

Sdudphwhu Phwkrg c @ 4 c @ 8 c @ 9 c @ : c @ ; c @ 45 c @ 49 c @ 65

� @ 3=5 EW <515
TV <517
PEE0ydu <515 <41: <417 <415 <413 ;<19 ;;17 ;513
PEE0urrw <41; <417 <415 <413 <31< <315 ;<18 ;817
VE0ydu <515 <413 <319 <316 ;<1< ;;17 ;91< ;415
VE0urrw <41; <318 <316 <314 ;<1: ;;17 ;91: ;41<

� @ 3=8 EW ;;1;
TV ;<17
PEE0ydu ;815 ;<13 ;;1; ;;19 ;;15 ;:13 ;81; :<14
PEE0urrw ;718 ;;1< ;;1; ;;1: ;;18 ;;18 ;:1< ;61<
VE0ydu ;815 ;;16 ;;13 ;:19 ;:15 ;81: ;713 :;18
VE0urrw ;718 ;:1< ;;13 ;:1; ;:18 ;916 ;71: :<1<

� @ 3=< EW 9:13
TV 9<14
PEE0ydu 7614 9616 9719 9818 9914 9918 9818 8<19
PEE0urrw 751: 9:14 9<17 :416 :518 :916 ::15 :91;
VE0ydu 7614 961< 9718 971< 9814 9717 9614 8;17
VE0urrw 751: 9:1; 9<17 :318 :418 :61: :61; :414

� @ �3=8 EW ;<14
TV ;<1:
PEE0ydu ;813 ;<15 ;<14 ;<13 ;;1; ;;13 ;919 ;318
PEE0urrw ;718 ;;1< ;<13 ;;1; ;;1; ;;19 ;;14 ;718
VE0ydu ;813 ;;19 ;;18 ;;15 ;:1; ;917 ;71< :<18
VE0urrw ;718 ;;15 ;;14 ;:1< ;:1: ;917 ;71< ;317
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Wdeoh 715= Hpslulfdo fryhudjh suredelolwlhv zlwk H{srqhqwldo Lqqrydwlrqv
<8( ohyho frq�ghqfh lqwhuydov/ q @ 45;

Sdudphwhu Phwkrg c @ 4 c @ 8 c @ 9 c @ : c @ ; c @ 45 c @ 49 c @ 65

� @ 3=5 EW ;814
TV ;814
PEE0ydu ;815 ;716 ;713 ;61: ;617 ;516 ;413 :719
PEE0urrw ;81; ;817 ;813 ;71; ;71: ;719 ;61< ;313
VE0ydu ;815 ;713 ;61: ;615 ;51: ;414 :<1: :713
VE0urrw ;81; ;719 ;719 ;715 ;61; ;51< ;418 :918

� @ 3=8 EW ;713
TV ;717
PEE0ydu ;31< ;61< ;619 ;617 ;616 ;514 ;31; :61<
PEE0urrw ;319 ;813 ;815 ;814 ;814 ;71< ;718 ;31<
VE0ydu ;31< ;614 ;51; ;517 ;514 ;31: :<13 :615
VE0urrw ;319 ;718 ;716 ;716 ;714 ;617 ;41; ::13

� @ 3=< EW 9819
TV 9:18
PEE0ydu 7518 9513 9616 9716 971< 9817 9717 8;18
PEE0urrw 7515 9918 9;19 :315 :418 :81: :918 :918
VE0ydu 7518 951: 9616 961: 961; 9616 9515 8:13
VE0urrw 7515 9:13 9;1; :314 :413 :614 :616 :415

� @ �3=8 EW ;919
TV ;:14
PEE0ydu ;613 ;918 ;916 ;915 ;81< ;71; ;616 :918
PEE0urrw ;51; ;:16 ;:15 ;:14 ;:13 ;91< ;913 ;516
VE0ydu ;613 ;81; ;818 ;813 ;71: ;614 ;418 :81<
VE0urrw ;51; ;917 ;916 ;914 ;81< ;71< ;614 :;19
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D1 Dsshqgl{

Wkurxjkrxw wkh Dsshqgl{/ N� +l @ 3> 4> 5> = = = , zloo ghqrwh jhqhulf frqvwdqwv wkdw pd| fkdqjh

iurp rqh xvdjh wr dqrwkhu1

Wkh iroorzlqj ohppd jhqhudol}hv Ohppd 91: +d, lq Jdoodqw dqg Zklwh +4<;;/ ss1 <<0433,1 Lw

zloo eh xvhg lq wkh surri ri rxu vxevhtxhqw uhvxowv1

Ohppd D141 Dvvxph i[?|j lv d grxeoh duud| ri udqgrp s � 4 yhfwruv/ s 5 Q/ vxfk wkdw

H +[?|, @ 3 dqg n[?|�n�o � � ? 4 iru vrph u A 5 dqg iru doo q> w @ 4> 5> = = = / m @ 4> = = = > s>

dvvxph ixuwkhu wkdw i[?|j lv QHG rq i%|j zlwk y& � vxs?c|

���[?|� �H|n&
|3& +[?|�,

���
2
iru doo m @

4> = = = > s/ zkhuh H|n&
|3& +=, @ H

�
=mI |n&

|3&

�
/ I |n&

|3& @ � +%|3&> = = = > %|n&,/ dqg i%|j lv dq �0pl{lqj vh0

txhqfh zlwk pl{lqj frh!flhqwv ghqrwhg e| �&1 Wkhq/ iru �{hg � A 3 dqg doo w ? v � w. � >

mfry +[?|�[?c|n�c�>[?r�[?crn�c�,m � N�

�
�

�
2
3 �

o

^ r3|e `
. y^ r3|e `

�
.N2y

o32
2Eo3��

^ r3|e `
.N�

�
�
+�23

�
o ,

^ �e `
. y^ �e `

�2

>

iru vrph �qlwh frqvwdqwv N�>N2 dqg N�1

Surri1 Ohw w ? v � w. � / iru dq| �{hg � A 3/ dqg qrwlfh

mfry +[?|�[?c|n�c� >[?r�[?crn�c�,m
� mH +[?|�[?c|n�c�[?r�[?crn�c�,m. mH +[?|�[?c|n�c�,m mH +[?r�[?crn�c�,m = +D14,

Xqghu rxu dvvxpswlrqv/ mH +[?|�[?c|n�c�,m � �

�
8��

�*23�*o

^ �e `
. 5y^ �e `

�
+vhh Jdoodqw dqg Zklwh/

4<;;/ ss1 43<0443,1 Khqfh/

mH +[?|�[?c|n�c�,m mH +[?r�[?crn�c�,m � N�

�
�
�*23�*o

^ �e `
. y^ �e `

�2

= +D15,

Wr erxqg mH +[?|�[?c|n�c�[?r�[?crn�c�,m > ohw a\ ��
?|� � H

|n�n^ r3|2 `
|3�3^ r3|2 `

+[?|�[?r�[?c|n�c�, dqg zulwh

mH +[?|�[?c|n�c�[?r�[?crn�c�,m �
���H �

a\ ��
?|�[?crn�c�

����
.
���H �

[?crn�c�

�
[?|�[?r�[?c|n�c� � a\ ��

?|�

����� = +D16,

Ehfdxvh a\ ��
?|� lv phdvxudeoh0I |n�n^ r3|2 `/ Kùoghu*v lqhtxdolw| lpsolhv

���H �
a\ ��
?|�[?crn�c�

���� � n[?|�[?r�[?c|n�c�n2
���H|n�n^ r3|2 ` +[?crn�c�,

���
2
� ��

���H|n�n^ r3|2 ` +[?crn�c�,
���
2
>

zkhuh zh xvhg Kùoghu*v lqhtxdolw| wzlfh lq zulwlqj n[?|�[?r�[?c|n�c�n2 � n[?|�n�o n[?r�n�o n[?c|n�c�n�o
� �� ?4=PfOhlvk*v lqhtxdolw| dqg wkh QHG surshuw| fdq eh xvhg wr erxqg

���H|n�n^ r3|2 ` +[?crn�c�,
���
2
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dssursuldwho|/ gholyhulqj ���H �
a\ ��
?|�[?crn�c�

���� � ��

�
8��

�
2
3 �

o

^ r3|e `
. y^ r3|e `

�
= +D17,

Wr erxqg wkh vhfrqg whup lq +D16,/ e| wkh Fdxfk|0Vfkzduw} lqhtxdolw|/���H �
[?crn�c�

�
[?|�[?r�[?c|n�c� � a\ ��

?|�

����� � n[?crn�c�n2
���[?|�[?r�[?c|n�c� � a\ ��

?|�

���
2
=

Wkhruhp 715 ri Jdoodqw dqg Zklwh lv xvhg wr suryh wkdw i[?|�[?r�[?c|n�c�j lv QHG rq i%|j xqghu
rxu dvvxpswlrqv1 Lq sduwlfxodu/ e| d uhdvrqlqj vlplodu wr wkh surri ri fruroodu| 7161+e, ri Jdoodqw

dqg Zklwh +4<;;/ s1 94, zh rewdlq��[?|�[?r�[?c|n�c� �H|n6
|36 +[?|�[?r�[?c|n�c�,

��
2
� Ny

o32
2Eo3��

^ r3|e `
=

Wklv lpsolhv ���H �
[?crn�c�

�
[?|�[?r�[?c|n�c� � a\ ��

?|�

����� � �Ny
o32

2Eo3��

^ r3|e `
= +D18,

Frpelqlqj +D17, dqg +D18, zlwk +D16, |lhogv

mH +[?|�[?c|n�c�[?r�[?crn�c�,m � N�

�
�

�
2
3 �

o

^ r3|e `
. y^ r3|e `

�
.N2y

o32
2Eo3��

^ r3|e `
> +D19,

zklfk lpsolhv wkh ghvluhg uhvxow rqfh zh lqvhuw +D19, dqg +D15, lqwr +D14,1 �
Surri ri Wkhruhp 5141 Wkh surri frqvlvwv ri wzr vwhsv1 Lq sduwlfxodu/ iru m @ 4> 5> zh suryh

wkdw

Vwhs 4= ��2?c� � �2?
�$ 31

Vwhs 5= a�2?c� �
�
��2?c� . x2?c�

�
�$ 31

Lq vwhs 4/ zh frqvlghu dq lqihdvleoh hvwlpdwru ��2?c� zklfk lv lghqwlfdo wr a�2?c� h{fhsw wkdw lw

uhsodfhv �[kc? dqg �[? lq +514, dqg +517, iru m @ 4> 5> uhvshfwlyho|/ zlwk wkh srsxodwlrq phdqv �?|1

Vr/ h1j1 iru m @ 4 zh frqvlghu

��2?c� @
�3�[

�'3�n�

�
4� m� m

c

� ?3�� �[
|'�

�?c|c� +[?| � �?|,
�
[?c|n�� � � �?c|n�� �

�
>

zkhuh zh ohw �?c|c� � �? +w> �, wkurxjkrxw1 Wr suryh vwhs 4/ zh vkrz wkdw wkh eldv dqg wkh

yduldqfh ri ��2?c� whqg wr }hur dv q $ 41

Surri ri vwhs 41 +m @ 4,= ohwwlqj ]?| � [?| � �?| dqg U?c| +�, @ H
�
]?|]?c|n�� �

�
/ lw iroorzv

wkdw

H
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Ehfdxvh �2? @ q3�
S?

|'�U?c| +3, . 5
S?3�

�'� q
3�

S?3�� �
|'� U?c| +�,/ lw iroorzv wkdw

��H �
��2?c�

�� �2?
�� � 5

�3�[
�'�

�

c
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|'�

���?c|c� �� mU?c| +�,m. 5
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���?c|cf � q3�
�� mU?c| +3,m. 5

�3�[
�'�

?3�� �[
|'�
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� 5q
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q� c. 4
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>

jlyhq wkdw
���?c|c� �� � �

?3�n� iru doo q> w dqg zkhuh wkh rughu ri pdjqlwxghv ri wkh wzr odvw whupv

lq wkh �uvw lqhtxdolw| zhuh rewdlqhg xvlqj wkh h{suhvvlrq iru �?c|c� +fi1 +516,,1 Jlyhq wkdw c @

r
�
q�*2

�
/ wkhvh whupv duh qhjoljleoh dv|pswrwlfdoo|1 Xqghu wkh vdph dvvxpswlrq rq c> ?

?3�n� $ 4

dqg wkhuhiruh zh rqo| qhhg wr vkrz wkdw wkh olplw ri �? � S?3�
�'�

�
�q

3�
S?3�� �

|'� mU?c| +�,m lv }hur wr
suryh wkdw wkh eldv ri ��2?c� lv }hur1

Dq dujxphqw vlplodu wr wkdw lq Jdoodqw dqg Zklwh +4<;;/ ss143<0443, gholyhuv
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> iru dq| s � 5 dqg u A 5 +Jdoodqw dqgZklwh*v uhvxow xvhv s @ 5,1
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E| wdnlqj olplwv rq erwk vlghv ri wklv lqhtxdolw|/ dq dssolfdwlrq ri wkh Ohehvjxh grplqdwhg frq0

yhujhqfh wkhruhp dv lq Jdoodqw dqg Zklwh +4<;;/ s1 444, lv xvhg wr vkrz wkdw olp?<" �? @ 31 Lq

sduwlfxodu/ zh qrwh wkdw iru hdfk � > �
� $ 3 dv q $ 4 jlyhq wkdw c? $ 41 Wr �qg d grplqdwlqj

ixqfwlrq/ zh qrwh wkdw wkh vl}h frqglwlrqv rq �& lpsrvhg e| Dvvxpswlrq 514 duh vx!flhqw wr rewdlq
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jlyhq wkdw �?c|c� � �
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^8` Dqguhzv/ G1Z1N1 ) M1F1 Prqdkdq +4<<5, Dq lpsuryhg khwhurvnhgdvwlflw| dqg dxwrfruuhod0

wlrq frqvlvwhqw fryduldqfh pdwul{ hvwlpdwru1 Hfrqrphwulfd 93/ <860<991

67



^9` Elfnho/ S1M1 ) G1D1 Iuhhgpdq +4<;4, Vrph dv|pswrwlf wkhru| iru wkh errwvwuds1 Dqqdov ri

Vwdwlvwlfv </ 44<90454:1

^:` Eloolqjvoh|/ S1 +4<9;, Frqyhujhqfh ri suredelolw| phdvxuhv1 Qhz \run= Zloh|1

^;` Eroohuvohy/ W1 +4<;9, Jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|1 Mrxuqdo ri

Hfrqrphwulfv 64/ 63:065:1

^<` Fduudvfr/ P1 ) [1 Fkhq +4<<<, Ehwd0pl{lqj dqg prphqw surshuwlhv ri ydulrxv JDUFK/

vwrfkdvwlf yrodwlolw| dqg DFG prghov1 Orqgrq Vfkrro ri Hfrqrplfv/ pdqxvfulsw1

^43` Gdylgvrq/ M1 +4<<7, Vwrfkdvwlf olplw wkhru|1 R{irug= R{irug Xqlyhuvlw| Suhvv1

^44` Hiurq/ E1 +4<:<, Errwvwuds phwkrgv= dqrwkhu orrn dw wkh mdfnnqlih1 Dqqdov ri Vwdwlvwlfv :/

40591

^45` Hqjoh/ U1I1 +4<;5, Dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| zlwk hvwlpdwhv ri wkh ydul0

dqfh ri Xqlwhg Nlqjgrp lq dwlrq1 Hfrqrphwulfd 83/ <;:043391

^46` Ilw}hqehujhu/ E1 +4<<:, Wkh prylqj eorfnv errwvwuds dqg urexvw lqihuhqfh iru olqhdu ohdvw

vtxduhv dqg txdqwloh uhjuhvvlrqv1 Mrxuqdo ri Hfrqrphwulfv ;5/ 56805;:1

^47` Jdoodqw/ D1U1 ) K1 Zklwh +4<;;, D xql�hg wkhru| ri hvwlpdwlrq dqg lqihuhqfh iru qrqolqhdu

g|qdplf prghov1 Qhz \run= Edvlo Eodfnzhoo1

^48` Jrqêdoyhv/ V1 ) K1 Zklwh +5333, Pd{lpxp olnholkrrg dqg wkh errwvwuds iru qrqolqhdu g|0

qdplf prghov1 Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr/ pdqxvfulsw1

^49` Kdqvhq/ E1H1 +4<<4d, JDUFK+4/4, surfhvvhv duh qhdu hsrfk ghshqghqw1 Hfrqrplfv Ohwwhuv

69/ 4;404;91

^4:` Kdqvhq/ E1H1 +4<<4e, Vwurqj odzv iru ghshqghqw khwhurjhqhrxv surfhvvhv1 Hfrqrphwulf Wkh0

ru| :/ 54605541

^4;` Krurzlw}/ M1 +4<<<, Wkh errwvwuds1 Iruwkfrplqj lq Kdqgerrn ri Hfrqrphwulfv/ Yro1 81

^4<` Ndw}/ P1O1 +4<96, Qrwh rq wkh Ehuu|0Hvvhhq wkhruhp1 Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 67/

443:0443;1

^53` N qvfk/ K1U1 +4<;<, Wkh mdfnnqlih dqg wkh errwvwuds iru jhqhudo vwdwlrqdu| revhuydwlrqv1

Dqqdov ri Vwdwlvwlfv 4:/ 454:045741
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^54` Odklul/ V1Q1 +4<<5, Hgjhzruwk fruuhfwlrq e| cprylqj eorfn* errwvwuds iru vwdwlrqdu| dqg

qrqvwdwlrqdu| gdwd1 Lq OhSdjh dqg Elooldug +hgv,/ H{sorulqj wkh olplwv ri wkh errwvwuds/ ss1

4;605471 Qhz \run= Zloh|1

^55` Odklul/ V1Q1 +4<<<, Wkhruhwlfdo frpsdulvrqv ri eorfn errwvwuds phwkrgv1 Dqqdov ri Vwdwlvwlfv

5:/ 6;907371

^56` Olx/ U1\1 )N1 Vlqjk +4<<5, Prylqj eorfnv mdfnnqlih dqg errwvwuds fdswxuh zhdn ghshqghqfh

Lq OhSdjh dqg Elooldug +hgv,/ H{sorulqj wkh olplwv ri wkh errwvwuds/ ss1 557057;1 Qhz \run=

Zloh|1

^57` PfOhlvk/ G1O1 +4<:8, D pd{lpdo lqhtxdolw| dqg ghshqghqw vwurqj odzv1 Dqqdov ri Suredelolw|

8/ 94909541

^58` Qhzh|/ Z1N1 ) N1G1 Zhvw +4<;:, D vlpsoh srvlwlyh vhpl0gh�qlwh/ khwhurvnhgdvwlf dqg dx0

wrfruuhodwlrq frqvlvwhqw fryduldqfh pdwul{1 Hfrqrphwulfd 88/ :360:3;1

^59` Srolwlv/ G1 ) M1 Urpdqr +4<<7, Wkh vwdwlrqdu| errwvwuds1 Mrxuqdo ri Dphulfdq Vwdwlvwlfv

Dvvrfldwlrq ;</ 4636046461

^5:` Srolwlv/ G1/ Urpdqr/ M1 ) P1 Zroi +4<<:, Vxevdpsolqj iru khwhurvnhgdvwlf wlph vhulhv1 Mrxu0

qdo ri Hfrqrphwulfv ;4/ 5;4064:1

^5;` Srolwlv/ G1 +4<<;, Frpsxwhu0lqwhqvlyh phwkrgv lq vwdwlvwlfdo dqdo|vlv1 LHHH Vljqdo Surfhvvlqj

Pdjd}lqh/ Mdqxdu| 4<<;/ 6<0881

^5<` Vhu lqj/ U1M1 +4<;3, Dssur{lpdwlrq wkhruhpv ri pdwkhpdwlfdo vwdwlvwlfv1 Qhz \run= Zloh|1

^63` Vlq/ F10\1 ) K1 Zklwh +4<<9, Lqirupdwlrq fulwhuld iru vhohfwlqj srvvleo| plvvshfl�hg sdud0

phwulf prghov1 Mrxuqdo ri Hfrqrphwulfv :4/ 53:05581

^64` Vlqjk/ N1 +4<;4, Rq wkh dv|pswrwlf dffxudf| ri Hiurq*v errwvwuds1 Dqqdov ri Vwdwlvwlfv </

44;:044<81

^65` Zklwh/ K1 +4<;7, Dv|pswrwlf wkhru| iru hfrqrphwulfldqv1 Ruodqgr= Dfdghplf Suhvv1

^66` \rnr|dpd/ U1 +4<;3, Prphqw erxqgv iru vwdwlrqdu| pl{lqj vhtxhqfhv1 ]hlwvfkuliw i u

Zdkuvfkhlqolfknhlwvwkhrulh xqg Yhuzdqgwh Jhelhwh 85/ 7808:1
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